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Abstract – In recent decades, the topic of depicting network structures from output variable data,
i.e., the inverse problem, turns to be a key issue in wide interdisciplinary areas, in particular,
in biological and social fields. Noise inevitably exists in practical dynamic networks, and the
output data are often generated via interplay between noise and network structures. The essential
difficulty to solve the inverse problem is how to extract information of node links in networks under
unknown and possibly strong noise. In this paper, based on the idea that the output variable data
contain information not only for network topology but also for noise, we propose a method to
deal with this problem, incorporating three crucial ingredients: Computing multiple matrices
to extract as much as possible information on network topology and noise statistics; making a
systematical matrix algebraic computation to obtain equations closed for network inference; using
an effective iteration algorithm to solve the resulting nonlinear matrix equations. The above
theory is established in an accurate and closed form, numerical computations convincingly verify
the validity of theoretical analysis, and the possible applications in practical inverse problems are
emphasized.

Copyright c© EPLA, 2016

Today huge amounts of data have been accumulated in
databases and more and more data are continually pro-
duced on purposes in various fields. How to extract as
much as possible information from these data turns to be
a central issue in almost all fields in natural and social
sciences. Available data can be produced from sources
of great diversity. In biological and social systems sci-
entists are often faced with a crucial problem: data are
produced by various dynamic networks, such as neuron
networks [1,2], gene regulating networks [3,4], life cycle
networks [5], financial and business networks [6] and so
on, while the network structures generating these data
are unknown. Depicting network structures from avail-
able variable data, i.e., the inverse problem, has become a
greatly attracting task in wide interdisciplinary fields, in
particular, in the applications of many practically impor-
tant social and biological systems [1,7–11].

Theoretically, different methods have been proposed to
solve various inverse problems. According to different
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data requirements and network conditions all methods
are roughly classified into two categories. The methods
of the first class can perform rather accurate inference
computation and depict both the natures and intensities
of network interactions. For the price of this accuracy,
they require much information, besides the output variable
data, e.g., those about internal network dynamics [12,13].
In [14] (also in [15]) authors proposed an interesting idea
of depicting network structure through the bridge of noise,
where the matrix of noise correlation should be known for
the successful inference computation. The methods of the
second class can make inference computation rather ro-
bustly with output variable data only [16,17]. However,
as a fair trade-off, these methods have very low accuracy:
most of them cannot make quantitative inferences of net-
work interactions, and even qualitatively the probability of
correct predictions are often rather low [18]. These meth-
ods fail definitely if noise is very strong and plays a key
role in producing variable data [19].

Our task in solving the inverse problem is to enjoy the
advantages of both classes of methods and avoid their own
disadvantages. Precisely, on the one hand, we hope to
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solve the inverse problem with data of the observables
only, without requiring all other information about noise
correlations and other additional information of network
dynamics, so that the method can be extensively applied
to most of practical inference performances. On the other
hand, we are aiming at accurate depictions and looking
for inferring network interactions not only for qualitative
natures, but also for quantitative values of link strengths.
By accurate depiction, we mean controllable inference pre-
cision by the quality of variable data, such as measure-
ment frequency, sample set size of variable data and so
on. The only way to achieve this goal is to extract more
information from the available variable data than all the
above-mentioned previous methods, so that the addition-
ally extracted information can reveal more about both un-
known network structure and unknown noise property.

A nonlinear dynamic network can be generally lin-
earized around a certain space point as [19]

ẋ(t) = Âx(t) + η(t),

x(t) = (x1(t), x2(t), · · · , xN (t))T ,
(1)

where Â is a N ×N constant matrix, the target of the in-
verse problem, η(t) = (η1(t), η2(t), · · · , ηN (t))T is a vector
of inevitable random driving forces (noises) involved in the
network dynamics. Suppose all the output variable time
sequences xi(tk) for i = 1, 2, · · · , N and k = 1, 2, · · · , L
are available with sufficiently high measurement frequency
(i.e., 0 < Δtk = tk+1 − tk = Δt � 1) and sufficiently
many data accumulation (LΔt � 1). Two points should
be emphasized about eq. (1). First, the matrix elements
Aij represent the network structure, including interactions
between nodes (Aij , i �= j) and local dynamics of nodes
(Aii, i = 1, · · · , N), determing the full dynamics of the
whole network (in the linearized version). Second, though
eq. (1) is linear, it can be used to discuss the inverse prob-
lem of nonlinear networks around different phase space
points, including oscillatory and chaotic networks. The
detail is discussed in [19] for white-noise driven systems.

Our task is to depict matrix Â from the available data
x(t) only. A standard algorithm is to multiply both sides
of eq. (1) by the variable xT (t) and compute the corre-
sponding correlation matrices. The matrix algebra thus
reads

B̂ = ÂĈ + Ĥ1 (2)

with

B̂ = 〈ẋxT 〉, Ĉ = 〈xxT 〉, Ĥ1 = 〈ηxT 〉,

where any above matrix elements is defined as

ẋ(tk) =
x(tk+1) − x(tk)

Δt
,

P̂ = 〈yzT 〉, Pij =
1
L

L∑
k=1

yi(tk)zj(tk). (3)

From eq. (2) the inverse problem can be solved as

Â = (B̂ − Ĥ1)Ĉ−1. (4)

In [20] authors depicted Â by considering η = Ĥ1 = 0.
In [19] authors identified Ĥ1 = 0 under white-noise
approximation by making a noise-variable decorrelation
technique. In all the above cases, one should know all cor-
relation matrices in the right side of eq. (2), i.e., one should
know additional information to the observable variable
data. Now a practical problem is: If noise is crucial for
producing data and thus not negligible (Ĥ1 = O(1) �= 0),
and if the noise is unknown with all its intensity and time
correlations, how can one solve the matrix algebraic equa-
tion to depict topology Â without any additional informa-
tion to x(t) data?

In all practical systems noise has finite correlation time.
Then we generally consider in eq. (1) Gaussian colored
noise η(t) as

η = M̂ε, M̂ ∈ R
N×N , ε ∈ R

N×1,

〈εi(t)εj(t − Δt)〉 = diδij exp(−riΔt). (5)

It is also well known that the Gausian colored noise η can
be represented by a white-noise formulism as [21]

η̇(t) = −R̂η(t) + Γ(t), R̂ = M̂r̂M̂−1 (6)

with rij = riδij , 〈Γi(t)Γj(t′)〉 = Qijδ(t−t′) = (M̂d̂M̂T )ij

and r̂, d̂, Q̂, R̂ ∈ R
N×N . Since noise is an uncontrollable

fact in network dynamics, all matrix elements Rij and Qij

above are unknown. And thus the matrix Ĥ1 does not
vanish and it is unknown. At the first glimpse on eq. (2),
the above-mentioned task is impossible to be fulfilled for
the number of unknown matrices is more than the number
of matrix equation. The only way to solve the difficulty
in eq. (2) is to extract more information, besides B̂ and
Ĉ, from data sequences xi(t), i = 1, 2, · · · , N , since the
sequences xi(t)’s contain surely not only the information
of matrix Â, but also of the noise correlation Ĥ1. For
doing so we make a systematical matrix computation.

For extracting more from the x(t) data, a natural fur-
ther step is to compute the derivatives of eq. (1) as

ẍ(t) = Âẋ(t) + η̇(t) (7)

with

ẍ(tk) =
ẋ(tk+1) − ẋ(tk)

Δt
=

x(tk+2) + x(tk) − 2x(tk+1)
Δt2

,

η̇(tk) =
η(tk+1) − η(tk)

Δt
. (8)

Moreover we can further obtain another matrix equation
by multiplying eq. (7) by xT (t) and computing correlation
matrices as

D̂ = ÂB̂ + Ĥ2 (9)
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with D̂ = 〈ẍxT 〉, Ĥ2 = 〈η̇xT 〉, where D̂ can be identified
solely by x(t) while matrix Ĥ2 becomes another unknown
matrix, which has to be determined, too. It is emphasized
that matrix D̂ contains new information on the avail-
able data x(t)’s which is not contained by matrices B̂

and Ĉ. Here Ĉ represents the variable-variable correla-
tion Ĉ = 〈xxT 〉, which does not include any informa-
tion on the variable variation rates which is included by
velocity-variable correlations B̂ = 〈ẋxT 〉. Similarly, Ĉ

and B̂ matrices do not contain any information on the
velocity variation rates, which is included by the matrix
D̂ = 〈ẍxT 〉.

Multiplying eq. (6) by xT (t) and computing the corre-
sponding correlations, we can derive an additional matrix
algebraic equation

Ĥ2 = −R̂Ĥ1. (10)

Here we use the white-noise property 〈Γ(t)xT (t)〉 =
L−1 ∑L

k=1 Γ(t′k)xT (tk) = 0, where Γ(t′k) is taken in the
time interval tk < t′k < tk+1 in the computation η̇(tk) in
eqs. (6) and (8). Since Γ(t) is a white-noise vector, xT (tk)
is uncorrelated with Γ(t′k).

Now there are three equations, (2), (9), (10), for four
unknown matrices: Â, Ĥ1, Ĥ2 and R̂. One has then to
extract from the variable data x(t) one more relationship
between these unknown matrices. We come to a systemati-
cal matrix computation to solve this problem. We further
multiply eqs. (1), (7), (6) by ηT (t), compute the corre-
sponding correlations, and arrive at the following three
novel matrix equations

Ĝ2 = ÂĜ1 + Ŵ1, (11)

Ĝ3 = ÂĜ2 + Ŵ2, (12)

Ŵ2 = −R̂Ŵ1 (13)

with Ĝ1 = 〈xηT 〉, Ĝ2 = 〈ẋηT 〉, Ĝ3 = 〈ẍηT 〉, Ŵ1 =
〈ηηT 〉, Ŵ2 = 〈η̇ηT 〉. In these three new equations there
appear five additional unknown matrices, Ĝ1, Ĝ2, Ĝ3, Ŵ1
and Ŵ2, and the inverse problem seems to become even
farther from being solvable. It is very interesting and ele-
gant that through correlation computations the three ma-
trices Ĝ1, Ĝ2, Ĝ3 can be solved in terms of known variable
data and other known and unknown matrices as

Ĝ1 = ĤT
1 ,

Ĝ2 = 〈ẋηT 〉 = 〈ẋẋT 〉 − 〈ẋxT 〉ÂT

= −D̂ − B̂ÂT ,

Ĝ3 = 〈ẍηT 〉 = 〈ẍẋT 〉 − 〈ẍxT 〉ÂT

= Ê − D̂ÂT ,

(14)

where Ê = 〈ẍẋT 〉. In deriving eqs. (14) we have used an
identity for continuous variables

d
dt

〈yzT 〉 = 〈ẏzT 〉 + 〈yżT 〉 = 0 (15a)

and
〈ẏzT 〉 = −〈yżT 〉 (15b)

With all the three identities in eq. (14), we are reaching
a closed form of matrix algebra, six equations for six un-
known matrices. Solving Ĥ1 from eq. (2), Ĥ2 from eq. (9)
and submitting them to eq. (10) we obtain eq. (16a). Solv-
ing Ŵ1, Ŵ2 in eqs. (11), (12) with Ĝ1, Ĝ2, Ĝ3 given
in eq. (14), and submitting them to eq. (13) we derive
eq. (16b):

D̂ − ÂB̂ = −R̂(B̂ − ÂĈ), (16a)

Ê − D̂ÂT + ÂD̂ + ÂB̂ÂT =
− R̂(−D̂ − B̂ÂT − ÂB̂T + ÂĈÂT ), (16b)

Q̂ = −Ŵ s
2 = −(Ŵ2 + Ŵ T

2 )/2. (16c)

Now in eqs. (16a), (16b) we have two matrix equations
with two unknown matrices: Â for the interaction topol-
ogy and R̂ for the noise correlation. Therefore, in prin-
ciple the unknown matrices Â and R̂ can be solved from
eqs. (16) and the inverse problem has a closed form for
the solution. Besides, we can also depict the unknown
matrix Q̂ in eq. (16c) (see eq. (15) in [19]) for white-noise
driven networks, where Ŵ s

2 is the symmetric part of Ŵ2,
which can be obtained with B̂ and other matrices directly
computable from x(t) data and derived Â above.

Several crucial points in the above derivation are worth
remarking. First, in eq. (2) there is a single equation with
two matrices B̂ and Ĉ known from the output variable
data x(t) and other two unknown matrices Â and Ĥ1
to be computed. The key idea in our algorithm is that
the output data x contains information not only for the
topology matrix Â but also for the noise statistic Ĥ1.
The only problem is how to extract more information from
the available data to compute the Ĥ1 matrix. This goal
can be achieved by computing more correlation matrices
(e.g., matrix D̂). Second, we know almost nothing about
noises: nothing about how many different types of colored
noises; nothing about the intensities and correlation time
distributions of all these noises; nothing about how these
different noises are applied on different nodes of the net-
work. And all the knowledge is hidden in the variable data.
All these pieces of information included in matrix R̂ are
fully explored through the matrix algebraic computations
from eq. (2) to eqs. (16).

With the closed matrix formalism, eqs. (16), in our
hand, the final task is to solve the matrices Â and
R̂ with available x(t) data, precisely, with the known
matrices B̂, Ĉ, D̂ and Ê computed from x(t) data. This
is, however, again nontrivial. The coupled algebraic equa-
tions (16) contain 3N2 (including N2 for the Q̂ matrix)
unknown variables of matrix elements, and the equations
are nonlinear. As N is large, it turns to be impossible
to solve the matrix algebraic equations analytically, and
also it is extremely difficult to numerically search for their
solutions. Here we develop a matrix-iteration method to
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Fig. 1: (Color online) Numerical verifications of the matrix
algebra theory and iteration approach. Matrix Â is given as
follows: positive interactions A(p)ij = 1, negative interactions
A(n)ij = −1 (both have 33% probability for each crossing in-
teraction), diagonal entries Aii = −4. N = 10, d = 1.0 and
r = 100 for colored noises. The time step for the simulation
is δt = 1 × 10−4 and the step for velocity and acceleration
computations is Δt = 2 × 10−4. L = 5 × 106. (a) (BC−1)ij

(noise decorrelation Ĥ1 = 0 in eq. (2) used in [19]) vs. actual
Âij . For colored noise, no noise decorrelation of Ĥ1 = 0 in
eq. (4) can be applied. (b) 〈−ẍxT 〉 plotted vs. 〈ẋẋT 〉. The
identity of eq. (15) is well justified. (c), (d) Error Er(Â) and
Er(R̂) of eq. (17) computed for different iteration numbers.
Er(Â) and Er(R̂) reduce quickly as n increases, and saturate
to a small value, showing the effectiveness of the iteration ap-
proach. (e), (f) A′

ij and R′
ij computed by eqs. (16a), (16b) at

the 20th iteration plotted vs. actual Aij and Rij . Both com-
puted sets and actual network sets coincide with each other
excellently.

overcome this difficulty. The procedures are: First, ran-
domly and arbitrarily fixing elements of matrix R̂(Rij);
second, solving matrix Â with given R̂ in eq. (16a); third,
solving matrix R̂ in eq. (16b) with the obtained Â; fourth,
continue these iterations with renewed Â and R̂ until Â
and R̂ approach to saturated values. The iteration ap-
proach is described in the appendix. In the following we
will see that these iterations work extremely well and ef-
fective, since the approach can correctly depict Â and R̂
with a few steps of iterations.

Now let us apply all the above analysis to network in-
ferences. In fig. 1 we study the inverse problem of a small
N = 10 network driven by colored noises with a certain
finite correlation time 1/ri = τ = 0.01. First, we find in
fig. 1(a) that the noise-variable decorrelation approach [19]
does no longer work, since the formula B̂Ĉ−1 cannot cor-
rectly depict the network structure Â. We then turn to the
full algorithm of the matrix algebra eqs. (16). In fig. 1(b)
we show that the identity eq. (15) works very well, which
validates the matrix equations (16). In figs. 1(c), (d), we

calculate the average error between the depicted network
structure Â′ (noise correlation matrix R̂′) and the actual
structure Â (R̂) at different rounds of iterations:

Er(Â) = N−2
N∑

i=1

N∑
j=1

|A′
ij − Aij |,

Er(R) = N−2
N∑

i=1

N∑
j=1

|R′
ij − Rij |.

(17)

At the first round we start from a randomly distributed
R′

ij corresponding to very large errors. Er(Â) and Er(R̂)
go down very quickly as n increases, and saturate to very
small values as n ≥ 6. In figs. 1(e), (f) we plot the depicted
A′

ij and R′
ij vs. the actual Aij and Rij , respectively. All

data locate around the diagonal line, indicating excellent
inference performance. Â and R̂ are perfectly inferred
qualitatively in nature (i.e., positive, negative or null),
and satisfactorily inferred quantitatively. Increasing the
data quality (i.e., smaller Δt and larger L), the saturated
Er(Â, R̂) can be further reduced.

For examining the general validity of all the above ana-
lytic matrix algebra and numerical iteration approach we
infer different networks for different network sizes and dif-
ferent noise distributions in fig. 2. All the results convinc-
ingly justify the analytical formulas eqs. (16) and support
the efficiency of the iteration technique. In particular, in
figs. 2(e), (f), (g), we study a N = 100 rather large net-
work. The unknown matrix elements are up to 104 with
complicated diversity, and 100 types of colored noises with
different correlation times τ ’s and different amplitudes d’s
are applied to different network nodes. All these pieces of
information are unknown. By applying compact matrix
algebraic equations (16) together with the simple and ex-
plicit iteration method, we can achieve the inference goal
in 20 iterations for all Â, R̂ and Q̂ (i.e., di’s).

Many facts can influence the quality of depiction. For
studying the stability of our method we compute the er-
rors given by eq. (17) against some typical facts. In
fig. 3(a) Er(Â) is plotted against the measurement fre-
quency f = 1/Δt. High (low) f represents the high
(low) quality of data measurement. Er(Â) decreases
monotonously and stably as f increases, and saturates to a
small value determined by other facts. We further consider
the influence of the measurement noise x′(t) = x(t)+ζ(t),
where x are the exact observables produced by dynamic
networks, x′ the actually measured values and ζ(t) (taken
in the interval 2δstd(xi) ≥ ζi(t) ≥ −2δsta(xi) where std(•)
denotes the standard variance and δ > 0) is the inevitable
measurement error. In fig. 3(b) Er(Â) is plotted vs. δ,
which decreases stably while δ decreases. By using a
certain variable average approach, the iteration approach
can work well with even larger measurement noise. In
fig. 3(c) Er(Â) is plotted vs. the sample size L, which
first decreases according to the rule of 1/

√
L, and then

saturates to a small finite value for sufficiently large L.
All the behaviours show the stability, effectiveness and
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Fig. 2: (Color online) Comparisons of numerically computed
Â′ and R̂′ by eqs. (16) with the actual Â and R̂, respectively,
in various more complicated dynamic networks. (a), (b) Prob-
ability distributions of A′

ij , R
′
ij computed by eqs. (16). A′

ij and
R′

ij locate with large probabilities around their actual Aij and
Rij values. N, τ and Â are the same as in fig. 1. di in eq. (5) is
randomly given in the range of (0.1,10). (c), (d) N , di and Â
are the same as in fig. 1. ri is randomly chosen in (10,110) with
uniform distribution. (c) The same as (a) with different param-
eter set. (d) The same as fig. 1(f) with different parameter set.
(e), (f), (g) Network size N = 100. di, ri and nonzero Aij (i �=
j) are chosen randomly in the following ranges: di ∈ (0.1, 10.1),
ri ∈ (50, 150), positive interactions A(p)ij ∈ (1.0, 2.0) and neg-
ative interactions A(n)ij ∈ (−2.0, −1.0) with uniform distri-
butions. (e), (f) The same as figs. 1(e), (f), respectively, with
different parameter set. The matrix algebra eqs. (16) and the
iteration method are fully confirmed by different di, ri, and Aij

distributions and different system size. (g) Q′
ij computed by

eq. (16c) plotted against the actual Qij values, the agreement
between Q′

ij and Qij satisfactorily confirms the analysis from
eq. (2) to eqs. (16).

robustness of the method of algebraic computation of
matrices.

In conclusion we have studied the inference problem of
dynamic networks driven by noises with finite correlation
times. In the reverse problem we are aiming at depict-
ing network structures with known output node variables.
However, apart from network structures, some additional
fact, in particular the noise fact, can influence the network
dynamics. A central idea in this work is that the output
variable data alone contain not only the information about
network structures, but also about all influences from noise
and other unknown forces. It is thus possible to accurately
depict the network structures with unknown driving forces
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Fig. 3: (Color online) Error Er(Â) plotted against various mea-
surement quantities. All parameters are given in fig. 1 unless
specified otherwise. (a) Er(Â) of eq. (17) plotted vs. the
measurement frequency f = 1/Δt with Δt given after eq. (1).
(b) Er(Â) plotted vs. δ, the measurement noise intensity.
Er(Â) decreases as δ decreases. (c) Er(Â) plotted vs. the
sample size L. Er(Â) first decreases, following the scaling
rule of 1/

√
L, and then saturates to a small finite value. In

all (a), (b), (c) cases, we can observe stability, robustness and
effectiveness of the inference computations with controllable
errors.

from the knowledge of output variable data only. With
this idea, we develop an analytical matrix algorithm of
network inference to extract more information by com-
puting multiple matrices; conducting systematical matrix
algebraic computation, which lead to a set of explicit, ac-
curate and close matrix equation formulas. Moreover, a
matrix iteration approach is proposed for computationally
solving the equations and depicting both network topol-
ogy and noise correlations. Numerical simulations con-
vincingly verify all the theoretical ideas and derivations.

It is however emphasized that some important facts af-
fecting the inverse computations are not considered here
among which the effects of time delay in network dynam-
ics is a very important one. Moreover, for applying the
formalisms to analyze practical data, still many prepara-
tions should be done. First one should understand some
properties of unknown driving noises and signals (i.e., fast-
varying driving or slow-varying impacts, and so on), this
understanding is crucial for designing corresponding meth-
ods. Second, one has to find an effective method to judge
the correctness of the obtained results. In practical in-
verse computations no comparisons like figs. 1(e), (f) and
figs. 2(e), (f), (g) can be made, since we do not know the
actual objects Â, R̂, and Q̂. Some self-consistent check-
ing algorithms should be developed for properly solving
the practical inverse problems. All these facts will be fur-
ther studied in our future works.
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Appendix

Before discussing the procedure of the matrix-iteration
method, we firstly give an introduction to the Kronecker
product and vec operator. Given P̂ = (pij) ∈ R

m1×n1 and
Ŝ = (sij) ∈ R

m2×n2 , the Kronecker product of P̂ and Ŝ

is denoted by P̂ ⊗ Ŝ and is defined to be a m1m2 × n1n2
matrix obtained by replacing each element pij of P̂ with
the m2 × n2 matrix pijŜ as follows [22]:

P̂ ⊗ Ŝ =

⎛
⎜⎜⎜⎝

p11Ŝ p12Ŝ · · · p1n1 Ŝ

p21Ŝ p22Ŝ · · · p2n1 Ŝ
...

...
...

pm11Ŝ pm12Ŝ · · · pm1n1 Ŝ

⎞
⎟⎟⎟⎠.

The vec operator [22] is denoted by the symbol vec(P̂ ),
and is defined as

vec(P̂ ) = (pT
1 , pT

2 , · · · , pT
n1

)T , (A.1)

where pi for i = 1, 2, · · · , n1 represents the vector com-
posed by the i-th column of the matrix P̂ . Vec operator
has an interesting property if it acts on the product of
matrices. For P̂ = (pij) ∈ R

m1×n1 , Ŝ = (sij) ∈ R
m2×n2

and Ẑ = (zij) ∈ R
n1×m2 , we have [22]

vec(P̂ ẐŜ) = (ŜT ⊗ P̂ )vec(Ẑ), (A.2)

moreover, this property is particularly useful for solving
matrix equations.

Given R̂n (n = 1, 2, · · · , K and K are the total iteration
times), we can derive Ân+1 by solving eq. (16a). To solve
eq. (16a), we firstly arrange it as

Ân+1B̂ + R̂nÂn+1Ĉ = D̂ + R̂nB̂, (A.3)

and then we apply vec(•) on both sides of eq. (A.3)

(B̂T ⊗ ÎN )vec(Ân+1) + (ĈT ⊗ R̂n)vec(Ân+1) =

vec(D̂ + R̂nB̂),

where ÎN is the unit matrix in the N × N matrix space.
Solve vec(Ân+1) as eq. (A.4a), reshape vector vec(Ân+1)
into N × N matrix Ân+1 and take it into eq. (16b). It is
easy to get R̂n+1 as eq. (A.4b).

vec(Ân+1) = (B̂T ⊗ ÎN + ĈT ⊗ R̂n)−1

• vec(D̂ + R̂nB̂), (A.4a)

R̂n+1 = −(Ê − D̂ÂT
n+1 + Ân+1D̂ + Ân+1B̂ÂT

n+1)

•(−D̂ − B̂ÂT
n+1 − Ân+1B

T + Ân+1ĈÂT
n+1)

−1.

(A.4b)
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