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In this study, we investigate the collective directed transport of coupled Brownian particles in spatially
symmetric periodic potentials under time-periodic pulsating modulations. We find that the coupling
between two particles can induce symmetry breaking and consequently collective directed motion.
Moreover, the direction of motion can be reversed under certain conditions. The dependence of directed
current on various parameters is systematically studied. reverse motion can be achieved by modulating
the coupling free length and the phase shift of the pulsating potential. The dynamical mechanism of
these transport properties is understood in terms of the effective-potential theory and the space-time
transformation invariance. The directed transport of coupled Brownian motors can be manipulated
and optimized by adjusting the coupling strength, pulsating frequency, or noise intensity.
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1 Introduction

Directed transport of non-equilibrium Brownian parti-
cles is an important topic in many different scenarios [1–
4]. Directed transport requires the breaking of detailed
balance as well as the breaking of symmetry. Symmetry
breaking includes the breaking of spatial symmetry of
the periodic potential field and the breaking of temporal
symmetry of driving, and the mechanism of symmetry-
breaking-induced ratchet motion has been extensively
studied in recent years [5–8]. In fact, it has been revealed
that the coupling of particles can also lead to symmetry
breaking and rich ratchet effects [9, 10]. Therefore, it
is necessary to consider the influence of the coupling of
particles in systems composed of a number of interact-
ing particles. Examples of such coupled physical systems
include the diffusion of dimers on surfaces [11–13], slid-
ing friction [14, 15], biological molecular motors [16–21],
and diffusion of colloidal particles [22]. The existence of
interactions introduces complexity in the dynamics of the
Brownian particles. Bao et al. investigated the dynam-
ical mechanism of the ratchet motion of elastically cou-

pled two-head Brownian motors in flashing asymmetric
potential fields, and they found that the coupling can as-
sist directed motion. Furthermore, they theoretically in-
terpreted their results in terms of the motion of the mass
center in an effective potential [23]. Zheng et al. system-
atically explored the collective-directed transport of in-
teracting Brownian motors in one- and two-dimensional
periodic potentials. They revealed that the coupling of
particles can induce various types of symmetry breaking,
e.g., the coupling symmetry breaking and spatiotempo-
ral symmetry breaking, which lead to collective directed
transport behaviors [9, 24]. Moreover, they revealed that
the coupling can transform the energy in one dimension
to another direction and induce collective directed trans-
port [25]. Reimann and colleagues studied the ratchet
motion of harmonically coupled motors in a flashing sym-
metric potential under the action of Gaussian white noise
and analyzed the possibility of the ratchet effect through
the manipulation of internal degrees of freedom in terms
of the effect potential method [26].

Molecular motors are a big family of proteins that
play important roles for realizing cellular transport pro-
cesses. A large sub-family among these different pro-

© Higher Education Press and Springer-Verlag Berlin Heidelberg 2017



Research article

tein motors possesses the dimer structure in which each
motor protein is composed of two interacting identical
monomers and every monomer experiences the cyclic
ATP hydrolyzing process [27, 28]. A deep understand-
ing of the collective ratcheting motion, stepping distri-
bution, and current reversal of two-head molecular mo-
tors has been a topic of focus in recent decades. Early
studies on the motion of molecular motors were mainly
based on the single-particle picture, in which the mo-
tion of molecular motors is simplified to the motion of
a Brownian particle in a ratchet potential. Much less
effort has been directed towards the role of prototype
structure of molecular motors, especially the symmetry
breaking of two heads induced by various factors. It was
experimentally found that the coupling between two mo-
tor protein heads, which do not act independently but
alternate in a sequential manner such that their catalytic
cycles are out of phase [29, 30], plays a significant role
in achieving directed motion and even reversed motion.
We noticed an important fact related to the symmetry
breaking of dimer molecular motors: the hydrolysis pro-
cesses of two heads are continuous while asynchronous,
which may lead to the dynamical asymmetry of the two
motors. This gives us a hint for setting up the ratchet
model of coupled motors in a symmetric potential field
under temporally periodic pulsations.

In this study, we investigate the directed transport of
two elastically interacting Brownian motors in a spatially
symmetric and temporally modulated pulsating periodic
potential. We are interested in the emergence of cur-
rent reversal and its mechanism. A key point in inducing
the directed motion of coupled motors in symmetric po-
tentials is the asynchrony property of the pulsations on
two motors though they are pulsated in the same man-
ner. Theoretically, the transport behaviors, such as the
mechanism of ratcheting effect and current reversal, can
be analyzed in terms of the effective-potential theory and
the space-time invariance of the system. We find that the
shifting direction of the effective potential wells in one
pulsating period determines the collective directed mo-
tion as well as the current reversal. Moreover, various
parameters such as the coupling strength, free length,
pulsation frequency, pulsation phase mismatch, and the
noise intensity may substantially influence the ratchet
motion of coupled Brownian motors, which allows the
easy optimization and manipulation of collective directed
transport through the modulations of these parameters.

2 The coupled pulsating-potential Brownian
Motor Model

Let us consider the Brownian motion of two elastically in-
teracting motors in a symmetric periodic potential field.

For simplicity, we consider the overdamped Brownian
motion under Gaussian white noise. In contrast to the
usually adopted steady periodic potential field, we con-
sider here the temporally modulated potential by pulsat-
ing the potential height. The equations of motion of two
mutually coupled motors can be written as

ẋi = −∂V (xi)

∂xi
fi(t)−

∂U0

∂xi
+ ξi(t), i = 1, 2, (1)

where xi is the coordinate of the i-th motor and V (x)
is the periodic potential originating from the interaction
between the motor protein and the track.

V (x) =
V0

2

[
1− cos

(
2π

L
x

)]
, (2)

where L is the spatial period of the potential field. Note
that the potential given by (2) is spatially symmetric.
U0(x1, x2) denotes the interaction potential of two motor
heads and is set to the following harmonic potential for
simplicity:

U0(x1, x2) =
1

2
k(x1 − x2 − a)2, (3)

where k is the coupling strength and a is the free length.
We consider the external drives on two heads with the
simplest uncorrelated Gaussian white noise, ξ1(t) and
ξ2(t), as follows:

⟨ξi(t)⟩ = 0,

⟨ξi(t)ξj(t′)⟩ = Gδijδ(t− t′), i, j = 1, 2, (4)

where G = 2kBT represents the noise intensity. The
function fi(t) is the periodic modulation of the potential
field. This is biologically related to the modulation of
the height of the potential field, which results from the
interaction between ATP and the two heads. The two
heads usually stay at different ATP-hydrolysis states at
the same time, resulting in different coupling between
heads and the substrate potentials. Without losing gen-
erality, we assume there exists a phase difference θ be-
tween two modulation functions f1,2(t), i.e.,

f1(t) = 1 + cos (ωt+ θ), (5)

f2(t) = 1 + cos (ωt), (6)

Here, ω is the pulsating frequency of the potential.
Hence, we set up a Brownian-motor model that describes
the motion of two coupled heads in a pulsating symmet-
ric potential. It should be noted that there exists no
symmetry breaking mechanism for each head, and no
directed motion can occur in the absence of mutual cou-
pling between two heads. The emergence of ratchet mo-
tion should be accomplished through the coordination
of two motors. It is significant to study the possibility

120502-2
Chen-Pu Li, Hong-Biu Chen, and Zhi-Gang Zheng, Front. Phys. 12(4), 120502 (2017)



Research article

of ratchet motion through the cooperation of two heads.
One is also interested in the dependence of the trans-
port on various parameters. Current reversal is an im-
portant issue in studies of Brownian motors, and it is
necessary to explore such behaviors in two-head motors.
In the following discussions, we investigate these ques-
tions through both theoretical computations and numer-
ical simulations.

3 Effective potential theory for strongly-
coupled motors

A natural idea when dealing with the cooperative ratch-
eting effect of two coupled Brownian motors is to de-
crease the degrees of freedom of the system to obtain
a low-dimensional description, especially in the single-
particle scenario. If this is possible, the dynamics of the
coupled system can be modeled in terms of the motion
of one particle in an effective potential field. This ap-
proach is valid as long as the coupling strength is suffi-
ciently large, i.e., k ≫ ω. By introducing the mass-center
coordinate X = (x1 + x2)/2 and the lattice coordinate
Y = x1 − x2, one can find that the motion can be well
described by the equation of motion of X by introducing
the effective potential Veff (X, t). Let us accomplish this
step by step. By introducing (X,Y ), one can transform
Eq. (1) to

Ẋ =
1

2

[
−1

2

∂V (X + Y
2 )

∂X
−

∂V (X + Y
2 )

∂Y

]
f1(t)

+
1

2

[
−1

2

∂V (X − Y
2 )

∂X
+

∂V (X − Y
2 )

∂Y

]
f2(t)+ξX(t),

(7)

Ẏ =

[
−1

2

∂V (X + Y
2 )

∂X
−

∂V (X + Y
2 )

∂Y

]
f1(t)

+

[
1

2

∂V (X − Y
2 )

∂X
−

∂V (X − Y
2 )

∂Y

]
f2(t)

−2k(Y − a) + ξY (t), (8)
where
⟨ξX(t)ξX(t′)⟩ = (G/2)δ(t− t′),

⟨ξY (t)ξY (t′)⟩ = 2Gδ(t− t′).

It can be easily seen that, when the coupling strength
k is sufficiently large, the term 2k(Y −a) implies a much
faster decay of the coordinate Y as compared with X.
Therefore, Y is a fast variable and can be adiabatically
eliminated in terms of the slaving principle proposed by
H. Haken. This means that one can set dY /dt ≈ 0, and
the motion of two particles can be studied based on
Ẋ = −V ′

eff (X, t) + ξX(t), (9)

where the effective potential field can be written as [10,
23, 26]

Veff (X, t) = −1

2
kBT ln

(∫ ∞

−∞
ρ(X,Y, t)dY

)
. (10)

Here,

ρ(X,Y, t) = exp
(
−U(X,Y, t)

kBT

)
(11)

U(X,Y, t) =
1

2
k(Y − a)2 + V

(
X +

Y

2

)
f1(t)

+V

(
X − Y

2

)
f2(t). (12)

Therefore, we can simplify the complicated dynamics of
coupled systems to the motion of one degree of freedom
by introducing an effective potential. This can be the
starting point of theoretical discussions of coupled Brow-
nian motors. An effective potential Veff (X, t) is shown
in Fig. 1 for parameters ω = 1, k = 50, θ = π/5, a = 0.4,
G = 0.1, V0 = 1, and L = 1. It will be shown in the
following discussions that the properties of the effective
potential can be adapted to the analysis of the mecha-
nism of collective directed transport.

The numerical simulation of Eq. (1) may not only
lead to the dynamics and consequently various quanti-
ties such as average displacement and average velocity,
but also test the validity of the effective-potential ap-
proach. Moreover, we can obtain results through numer-
ical simulation for cases in which the effective potential
method does not apply. In the present work the second-
order Runge–Kutta algorithm is adopted [31, 32], and
the number of ensembles N = 1000 with the time step
dt = 0.001. Throughout the numerical simulations, we
set V0 = 1 and L = 1. The average velocity or the cur-
rent can be obtained by executing both ensemble and
time averages on the instantaneous velocity:

v = ⟨ẋ⟩ = lim
t→∞

1

NT

N∑
i=1

∫ t

0

ẋi(t
′)dt′. (13)

4 Collective directed transport and current
reversal

4.1 Unidirectional stepping motion of Brownian motors

For a single motor, no directed motion exists under the
action of the symmetric potential V (x) and the Gaus-
sian white noise ξ(t). The coupling between two motors
may lead to symmetry breaking in the effective potential
and, furthermore, directed motion. The peak of the ef-
fective potential given by Fig. 1 first increases and then
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decreases in a period. Moreover, the bottom of the po-
tential experiences a shift to the right (see the black ar-
row in Fig. 1). This provides a larger probability of dif-
fusion to the right of the coupled motors and makes the
directed motion possible. Figure 2 shows the evolution
of the position of the mass center. It can be seen that
the coupled motors experience a stepping forward motion
with an equal step to the period L of the potential V (x).
The motors stay randomly for a while before the next
stepping motion. This stepping behavior is a coopera-
tion among various different factors, and the driving of
stochastic noise leads to the randomness of the residence
time and stepping.

4.2 Current reversal induced by coupling

The presence of coupling between two motor heads not
only results in the cooperative directed motion, but also
plays a significant role in influencing the current. The
direction of the current can even be determined by the
free length of the coupling potential. Fig. 3(a) shows the
variation of the average current with the coupling free
length a for other parameters given in the plot, where
four curves correspond to the coupling strengths k = 5,
10, 50, and 1000, respectively. These four curves have the
same feature that the current v > 0 when 0 < a < 0.5
while v < 0 for 0.5 < a < 1. These curves are anti-
symmetric about a = 0.5. This indicates that, with the
variation of the free length a, the directed motion can
be reversed. For a given coupling strength, there exists
an optimal free length amax for the system possessing
the largest current. For larger coupling strength k, the
optimal amax is larger.

The interesting current-reversal behavior described
above can be theoretically interpreted in terms of the ef-
fective potential approach for the strong-coupling case.
Figures 3(b), (c), and (d) show the curves of the effec-
tive potential Veff (X) at different moments for the free
lengths a = 0.4, 0.5, and 0.6, respectively, where the
other parameters are ω = 1, k = 50, θ = π/5, G = 0.1.

Fig. 1 The effective potential Veff (X, t).

Fig. 2 The stepping motion of the mass center of the cou-
pled Brownian motors.

It can be found that, when 0 < a < 0.5 (see Fig. 3(b)),
the height of the effective potential first increases and
then decreases with time in one pulsating period; mean-
while, the position of the potential valley shifts to the
right (see the shift from A to B and C in Fig. 3(b)),
which gives a larger diffusion probability to the right di-
rection. This symmetry breaking leads to a net current
to the right. When a = 0.5, the potential height follows
a similar change, but the bottom has a symmetric shift
to both directions, as shown by the two green curves
A-B1-C1 and A-B2-C2 in Fig. 3(c). In this case, the
probabilities to the right equal those to the left, indicat-
ing null-directed motion. Figure 3(d) shows the curves
of the effective potentials for 0.5 < a < 1. It can be
observed that the evolutional behaviors of the effective
potential exhibit a reversed tendency as compared the
case of 0 < a < 0.5, and the potential bottom moves
as A-B-C to the left. This naturally leads to a current
reversal of the coupled motors when 0 < a < 0.5. There-
fore, the mechanism of collective directed motion and the
current reversal can be well understood via the effective
potential theory.

The effective potential approach provides a way for
evaluating the mechanism of directed motion of coupled
Brownian motors for strong-coupling scenarios, where
the transport depends crucially on the tendency of shift
of the potential bottom. This naturally gives us a hint
for introducing an effective asymmetry coefficient ∆eff ,
which can be defined as

∆eff = X2min −X1min, (14)

where X1min is the position of the minimum of the first-
half period average of the effective potential Veff (X, t),
i.e.,

Veff (X) =
1

T0/2

∫ T0
2

0

Veff (X, t)dt,
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Fig. 3 (a) The average velocity varying with the free length a; All curves are anti-symmetric about a = L/2. (b) The
shifting motion of the effective potential well in one pulsating period for a = 0.4L, and a shift from A to B then to C can be
observed. (c) The shifting motion of the effective potential well in one pulsating period for a = 0.5L, and a symmetric shift
A-B1-C1 and A-B2-C2 can be observed. (d) The shifting motion of the effective potential well in one pulsating period for
a = 0.6L, and a shift from A to B then to C can be observed.

and X2min is the position of the minimum of the second-
half period average of the effective potential Veff (X, t),
i.e.,

Veff (X) =
1

T0/2

∫ T0

T0
2

Veff (X, t)dt.

When ∆eff > 0, the minimum of the effective potential
Veff (X, t) moves to the right in one pulsating period.
In this case, the diffusion of two coupled Brownian mo-
tors has a larger probability to the right than that to
the left when the barrier of the effective potential is not
sufficiently high, resulting in a positive average veloc-
ity. In contrast, when ∆eff < 0, a similar argument can
predict a negative average velocity of coupled Brownian
motors. The situation ∆eff = 0 indicates that the shifts
of the valley of Veff (X, t) in both directions are symmet-
ric, corresponding to a null velocity of coupled motors.
Fig. 4 plots the variation of the effective asymmetry coef-
ficient ∆eff with the free length a for different coupling
strengths, which agrees well with the above analysis. It
can also be found from Fig. 4 that, for both regimes

0 < a < L/2 and L/2 < a < L, the absolute value
of the asymmetry coefficient |∆eff | increases with the
increase of the coupling strength k, which qualitatively
implies that the average velocity of the ratchet motion
of coupled motors increases when the coupling strength
is increased. For sufficiently strong coupling strengths,
e.g., k = 500 and 1000, as shown in Fig. 4, ∆eff sat-
urates to the largest value. This result is in agreement
with the dependence of the average velocity on the free
length for the strong-coupling case shown in Fig. 3(a).

The current reversal shown above can also be well un-
derstood through the analysis of the space-time transfor-
mation invariance of the dynamical Eq. (1) [24, 26, 33,
34]. By rewriting Eq. (1) with a superscript correspond-
ing to the value of coupling free length a as

ẋ
(a)
1 = −V ′(x1)f1(t)− k(x1 − x2 − a) + ξ1(t),

ẋ
(a)
2 = −V ′(x2)f2(t) + k(x1 − x2 − a) + ξ2(t). (15)

By replacing the free length a by nL− a , where n ∈ Z,
one obtains
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Fig. 4 The effective asymmetry coefficient against the cou-
pling free length for different coupling strengths.

ẋ
(nL−a)
1 = −V ′(x1)f1(t)−k((x1 − nL)− x2 + a)+ξ1(t),

ẋ
(nL−a)
2 = −V ′(x2)f2(t)+k((x1 − nL)− x2 + a)+ξ2(t).

(16)

By introducing x11 = x1 − nL into Eq. (16) and consid-
ering the periodicity of the potential V (x), we have

ẋ
(nL−a)
11 = −V ′(x11)f1(t) + k(x2 − x11 − a) + ξ1(t),

ẋ
(nL−a)
2 = −V ′(x2)f2(t)− k(x2 − x11 − a) + ξ2(t).

(17)

By using the transformation x11 → x1 and t → −t, we
obtain from Eq. (17)

−ẋ
(nL−a)
1 = −V ′(x1)f1(−t) + k(x2 − x1 − a) + ξ1(−t)

= −V ′(x1)

[
1 + cos

(
ω

(
t− θ

ω

))]
+k(x2 − x1 − a) + ξ1(t),

−ẋ
(nL−a)
2 = −V ′(x2)f2(−t)− k(x2 − x1 − a) + ξ2(−t)

= −V ′(x2)[1+cos (ωt)]−k(x2−x1−a) + ξ2(t).

(18)

One further inserts t′ = t − (θ/ω) into Eq. (18) and
obtains

−ẋ
(nL−a)
1 = −V ′(x1)[1 + cos (ωt′)]

+k(x2 − x1 − a) + ξ1(t
′)

= −V ′(x1)f2(t
′) + k(x2 − x1 − a) + ξ1(t

′),

−ẋ
(nL−a)
2 = −V ′(x2)[1 + cos (ω(t′ + θ

ω
))]

−k(x2 − x1 − a) + ξ2(t
′)

= −V ′(x2)[1 + cos (ωt′ + θ)]

−k(x2 − x1 − a) + ξ2(t
′)

= −V ′(x2)f1(t
′)− k(x2 − x1 − a) + ξ2(t

′).

(19)

By exchanging indices as x1 ↔ x2 and comparing with
Eq. (15), one obtains

−ẋ
(nL−a)
2 = −V ′(x2)f2(t

′) + k(x1 − x2 − a) + ξ2(t
′)

= ẋ
(a)
2 ,

−ẋ
(nL−a)
1 = −V ′(x1)f1(t

′)− k(x1 − x2 − a) + ξ1(t
′)

= ẋ
(a)
1 . (20)

Thus, one has

−v(nL−a) = −1

2
(ẋ

(nL−a)
1 + ẋ

(nL−a)
2 )

= v(a) =
1

2
(ẋ

(a)
1 + ẋ

(a)
2 ). (21)

This is interpreted as the anti-symmetry property of
the average velocity against the coupling free length a,
shown in Fig. 3(a). When a = nL/2, one obviously has
−v(nL/2) = v(nL/2), which naturally implies v(nL/2) = 0.
The above analysis of the space-time transformation in-
variance agrees well with that in terms of the effective-
potential theory.

4.3 Current reversal induced by pulsation phase shift

In the above discussions, we observed the reversal of di-
rected motion by modulating the coupling free length. In
fact, directed motion can also be reversed by modulating
the phase difference θ between the pulsation of the poten-
tial of two motors. This reversal is still achieved through
the collaboration of two motor heads. In Fig. 5(a), the
current is computed against the phase shift θ for ω = 0.5,
1, and 3, and other parameters are G = 0.1, k = 50, and
a = 0.4. Several interesting phenomena can be clearly
found. First, the v–θ curves are anti-symmetric about
θ = π, and v > 0 when 0 < θ < π and v < 0 when
π < θ < 2π. Second, there exists an optimal phase shift
θmax for which the coupled motors possess the greatest
velocity. It can be found that, for different pulsating fre-
quencies ω, the optimized phase shift θmax is different.

The mechanism of current reversal induced by pulsa-
tion phase shift can also be well understood with the help
of effective potential theory. Let us study the effective-
potential curves at different times for different phase
shifts θ, which are shown in Fig. 5(b), (c), and (d) for
θ = π/5, θ = π, and θ = 9π/5, respectively. The other
parameters are ω = 1, k = 50, a = 0.4, and G = 0.1. As
shown in Fig. 5(b), when 0 < θ < π (e.g.,θ = π/5), the
current of the coupled motors is positive, and one can
find that the position of the minimum of the effective
potential experiences a shift from A to the right (see
C) within a pulsating period. When θ = π, as shown
in Fig. 5(c), there is a symmetric shift of the potential
bottom from A to B and C and then back to A in one
pulsating period, i.e., no net shift occurs during the pul-
sations of the potential. Thus, the diffusion probability
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Fig. 5 (a) The average velocity varying with the phase difference between pulsations of two particles; All curves are
anti-symmetric about θ = π/2. (b) The shifting motion of the effective potential well in one pulsating period for θ = π/5,
and a right shift from A to B then to C is observed. (c) The shifting motion of the effective potential well in one pulsating
period for θ = π, and a symmetric shift A-B-C-B-A is observed. (d) The shifting motion of the effective potential well in
one pulsating period for θ = 9π/5, and a left shift from A to B then to C is observed.

of coupled motors to the left equals that to the right,
resulting in a null net transport current. As π < θ < 2π
(for example, θ = 9π/5 in Fig. 5(d)), there is a nega-
tive shift from A to C in one pulsation period, and the
current is reversed.

The current reversal induced by the phase shift � can
also be well analyzed in terms of the above space-time
transformation invariance of dynamical equations (1).
Let us rewrite Eq. (1) with a superscript corresponding
to the value of phase difference θ as

ẋ
(θ)
1 = −V ′(x1)f1(t)− k(x1 − x2 − a) + ξ1(t)

= −V ′(x1)[1+cos (ωt+θ)]−k(x1−x2−a)+ξ1(t),

ẋ
(θ)
2 = −V ′(x2)f2(t) + k(x1 − x2 − a) + ξ2(t)

= −V ′(x2)[1 + cos (ωt)] + k(x1 − x2 − a) + ξ2(t).

(22)

By replacing the phase shift θ by 2nπ−θ (n ∈ Z) and con-
sidering the periodicity of the pulsation function fi(t),

one obtains

ẋ
(2nπ−θ)
1 = −V ′(x1)[1 + cos (ωt− θ)]

−k(x1 − x2 − a) + ξ1(t),

ẋ
(2nπ−θ)
2 = −V ′(x2)[1 + cos (ωt)]

+k(x1 − x2 − a) + ξ2(t). (23)

We further execute a time reversal t → −t and obtain

−ẋ
(2nπ−θ)
1 = −V ′(x1)[1 + cos (ωt+ θ)]

−k(x1 − x2 − a) + ξ1(t)

= −V ′(x1)f1(t)− k(x1 − x2 − a) + ξ1(t)

= ẋ
(θ)
1 ,

−ẋ
(2nπ−θ)
2 = −V ′(x2)[1 + cos (ωt)]

+k(x1 − x2 − a) + ξ2(t)

= −V ′(x2)f2(t) + k(x1 − x2 − a) + ξ2(t)

= ẋ
(θ)
2 . (24)
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Therefore, one can easily find that

v(θ) = −v(2nπ−θ).

This implies that the relation between the velocity of the
coupled Brownian motors and the modulation mismatch
θ obeys an anti-symmetric property. For the special
choice θ = nπ, one has v(nπ) = −v(nπ), which leads to an
unbiased motion of the coupled motors, i.e., v(nπ) = 0.
These results agree well with the effective-potential anal-
ysis.

5 Optimization and manipulation of collective
directed transport

It is interesting to investigate the dependence of the mo-
tor motion on the coupling strength between two motor
heads. Figure 6(a) plots the variation of the average ve-
locity of the coupled motors with the coupling strength
for ω = 1.0, θ = π/5, and a = 0.4. One can find that,
when the coupling strength k is small, the motion can be
considered as a simple composition of two single motors,
where each particle is immersed in the common sym-
metric periodic potential and Gaussian white noise. In
this case, the average velocity of each particle is zero,
as deduced from Curie’s principle, which leads to the
null directed motion of the coupled system. This anal-
ysis is consistent with the result shown in Fig. 6(a) for
the behavior of the velocity in the weak-coupling regime,

i.e., k < 1. For the case of strong coupling, two mo-
tor heads have a synchronized cooperation, which may
lead to higher-efficiency directed transport. Figure 6(b)
shows the collaboration mechanism by relying on the ef-
fective potential of the system, where the snapshots of
the effective potential for k = 2 × 103 are given at dif-
ferent moments in one pulsating cycle. It can be seen
that, in the strong-coupling case, the height of the effec-
tive potential increases first and then decreases, and the
position of the potential valley experiences a shift from
A to C. This net shift results in a directed motion of the
coupled motor. It can also be seen from Fig. 6(a) that
the average velocity saturates as the coupling strength
is further increased. In biological molecular motors, the
coupling between two motor heads originates from the
binding of the dimer structure of the motor protein and
can be manipulated using chemical or physical meth-
ods. Therefore, the directed transport can be facilitated
by adjusting the coupling strength, which is possible in
practical situations.

The manipulation of external drives, such as the pulsa-
tion fi(t), can be a better choice for optimizing directed
transport. The pulsating frequency ω can be a control
parameter in practice. Figure 7 plots the dependence of
the average velocity on the pulsating frequency ω, where
G = 0.1, k = 50, a = 0.4, and θ = π/5. One may
find that the average velocity is small for a small ω (e.g.,
ω = 0.1). This is because the modulation of the substrate
potential fi(t) is so slow that the particles cannot ‘feel’

Fig. 6 (a) The average velocity of coupled motors against the coupling strength for ω = 1.0, θ = π/5, a = 0.4 and G = 0.1.
(b) The snapshots of the effective potential at different moment of one pulsating period for the coupling strength k = 2×103.
Other parameters are the same as (a). A right-hand shift A-B-C of the potential valley can be observed.
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the change within the time scale of its relaxation, and
particles cannot surpass the potential mountain with the
help of the modulation. For high-frequency modulations,
e.g., when ω = 100, the modulation of the potential fi(t)
is too fast and the particles do not have sufficient time to
respond to the pulsation, resulting in the absence of di-
rected motion. An optimal pulsating frequency ωmax is,
thus, expected for the system possessing the maximized
directed velocity, as shown in Fig. 7.

Noise plays a significant role in the nonequilibrium
transport of particles. In molecular motors, the existence
of noise implies the coupling between motors and the en-
vironment via biochemical reactions. Figure 8 plots the
average velocity of coupled Brownian motors against the
noise strength G for k = 50.0, θ = π/5, and a = 0.4.
The curve indicates a strong optimized dependence of
the motor motion on the noise intensity. For very weak
noises, the Brownian motors cannot obtain sufficient en-
ergy to surpass the potential barrier. On the other hand,
if the noise intensity is so large that the contributions of
noises to the motion in both directions are unbiased, one
still cannot observe a net directional current. It is only
when the noise intensity is moderate that the coupled
motors can move with an optimal collaboration; i.e., an
optimized noise intensity Gmax exists that corresponds
to the largest velocity.

6 Concluding remarks

In summary, we studied the mechanism of collabo-
rated directed transport of elastically coupled Brownian
motors in a symmetric periodic potential under asyn-
chronous modulations. We applied the effective potential
theory and the invariance analysis of space-time trans-
formation of coupled dynamical equations to study the
coupling-induced symmetry breaking and its consequent

Fig. 7 The average velocity against the pulsating fre-
quency ω.

Fig. 8 The influence of the noise intensity on the average
velocity.

collective directed transport and current-reversal behav-
ior. The effective potential analysis indicates that, for
relatively strong coupling strengths, the shifting direc-
tion of the effective potential valley eventually deter-
mines the availability and direction of ratchet motion,
which is further revealed and verified by studying the
effective asymmetry coefficient. The dependence of ve-
locity on the coupling free length and pulsation phase
shift is also successfully predicted in terms of the space-
time transformation invariance analysis, which agrees
well with numerical simulations. Moreover, the rela-
tions between directed transport on various parameters
are investigated systematically, and these results provide
a valuable approach of adjusting different parameters in
practice for optimizing and manipulating the collective
directed transport.
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