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In this paper, we propose a retrospective and summary on recent studies of chimera
states. Chimera states demonstrate striking inhomogeneous spatiotemporal patterns
emerging in homogeneous systems through unexpected spontaneous symmetry break-
ing, where the consequent spatiotemporal patterns are composed of both coherence and
incoherence domains, respectively characterized by the synchronized and desynchronized
motions of oscillators. Since the discovery of chimera states by Kuramoto and others,
this striking collective behavior has attracted a great deal of research interest in the
community of physics and related interdisciplinary fields from both theoretical and ex-
perimental viewpoints. In recent works exploring chimera states, rich phenomena such
as the spiral wave chimera, multiple cluster chimera, amplitude chimera were observed
from various types of model systems. Theoretical framework by means of self-consistency
approach and Ott–Antonsen approach were proposed for further understanding to this
symmetry-breaking-induced behavior. The stability and robustness of chimera states
were also discussed. More importantly, experiments ranging from optical, chemical to
mechanical designs successfully approve the existence of chimera states.
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1. Introduction

In complex systems where a large number of elements are coupled together, collec-

tive behaviors of interacting units can be highly nontrivial. The collective dynamics

of complex systems have drawn great attention during the past few decades.1–4

Coupled oscillator systems are paradigmatic models for revealing and understand-

ing the mechanism of various different collective phenomena. For example, arrays of

limit-cycle oscillators, e.g., Kuramoto oscillators,3 have been used to model a wide

variety of pattern formation behaviors in spatiotemporal systems, such as neural

networks, convecting fluids, laser arrays and coupled biochemical oscillators. These

systems are known to exhibit rich collective dynamics, ranging from synchrony,

traveling waves to spatiotemporal chaos and incoherence.1,5,6 Among numerous

collective behaviors discovered in these systems, the simplest is synchrony, with all

oscillators moving in unison, executing identical behaviors at all times. Another

common pattern is wave propagation, typically in the form of solitary waves in one

dimension, spiral waves in two dimensions and scroll waves in three dimensions. For

these cases, all the oscillators are locked in frequency with a fixed phase difference

between them. At the opposite end of the spectrum is the incoherence, where the

phases of all the oscillators drift quasiperiodically or randomly with respect to each

other, and no spatial structure can be observed from the system. More complicated

patterns such as modulated structures, spatiotemporal chaos, intermittency and so

on, have also been found and extensively investigated.

Recently, the emergence of a surprising phenomenon of the so-called “chimera

state”7 has attracted a great deal of interest. In this remarkable state, both the

locking and the incoherent patterns are simultaneously present in the same sys-

tem. Although the system is homogeneous, i.e., all the elements are the same,

they still break apart into two groups of utterly different characters. This state

is unexpected and cannot be simply attributed to the supercritical instability of

the spatially uniform oscillation for it occurs even when the uniform state is lin-

early stable. In 2004, Abrams and Strogatz named this fascinating spatiotemporal

pattern “chimera state”7 inspired by the mythological Greek beast, chimera, who

is made up of a lion’s head, a goat’s body and a serpent’s tail, to highlight the

coherence and incoherence can exhibit together in one state. Actually, previously

unnamed, Kuramoto and his collaborator had already discovered this interesting

collective behavior in complex Ginzburg–Landau equation systems with nonlocal

coupling,8 which can be approximated, for a weak coupling condition, into a system

of coupled phase oscillators. The phases of oscillators were found to split into two

groups, with one nearly synchronous and the other incoherence, in spite of identical

setting of oscillators (i.e., the same natural frequency and coupling topology). How-

ever, Kuramoto’s finding is not the earliest record of reporting such phenomenon.

Much earlier than Kuramoto,9 similar signatures were observed in 1989 from the

spatiotemporal evolution of a system of coupled nonlinear oscillators and the phe-

nomenon was named as “domain-like spatial structure”. The chimera states were
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found to exist in a wide class of reaction-diffusion systems under particular assump-

tions on the local kinetics and diffusion strength that render the effective nonlocal

coupling.10,11

Tremendous efforts in exploring the emergence of chimera states have obtained

rich phenomena and further understanding to the spontaneous symmetry break-

ing mechanism in spatiotemporal patterns.12,13 Chimera states in a ring of nonlo-

cally coupled oscillators,7,8,14–19 then the case with two-dimensional plane,10,22–24

torus25,26 and sphere27 were investigated. The pattern of chimera states with mul-

tiple clusters was uncovered when adopting various proper conditions, such as time

delays in the coupling, phase lag differences, and modifications in the coupling

schemes.28–34 Further works showed that chimera states are not limited to Ku-

ramoto phase oscillators, but can also be found in a large variety of different sys-

tems, e.g., non-locally coupled chaotic maps, Rössler oscillator systems, and neural

systems,36–42 the complex Landau–Stuart equation and complex Ginzburg–Landau

equation.43–49 Chimera states were also observed in the globally coupled systems,

which escapes the constraint conditions of nonlocal coupling.43,48,50,51 Furthermore,

the effect of coupling topology on the emergence of chimera states were also studied

by taking into account the subpopulation model,52–62 randomized coupling64,65 and

complex networks.66 Besides the above mentioned works mainly based on numerical

simulations and theoretical analysis, very recently, chimera states were experimen-

tally demonstrated in a number of laboratory systems.51,67–74 These experiments

indicate the possible applications of chimera states in real life.

It is our motivation in this paper to give an extensive review on recent develop-

ment in studies of chimera states in spatiotemporal systems with theory, applica-

tions and experiments. The paper is organized as follows: In Sec. 2, the typical model

system for chimera states, i.e., the Kuramoto model, and the theoretical frameworks

of the self-consistency approach and the Ott–Antonsen approach are introduced.

In Secs. 3 and 4, the investigations on chimera states in the one-dimensional and

higher-dimensional systems are discussed. In Sec. 5, the works about the emer-

gence of multiple cluster chimera states are reviewed. Sections 6 and 7 introduce

the more general cases other than the simple phase oscillator systems, in which the

emergence of chimera states facilitates further understanding to the spontaneous

symmetry breaking and the consequent spatiotemporal patterns. In Sec. 8, the ef-

fect of the coupling topology to the emergence of chimera states is summarized.

In Sec. 9, the successful experimental evidences of a chimera state are introduced.

Finally, the concluding remarks are given in Sec. 10.

2. Chimera State: Theoretical Framework

The simplest version of tractable models should be dynamical systems with limit-

cycle motions and described by phases of oscillations. Therefore similar to studies of

synchronization of coupled oscillators, chimera states were initially studied mainly

in coupled phase oscillator systems, e.g., the Kuramoto model systems. In this
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section, we will first introduce the Kuramoto model in which the coupling among

oscillators are nonlocal, and then present the theoretical frameworks of the self-

consistency approach and the Ott–Antonsen approach, respectively.

2.1. The Kuramoto model

The following phase equation reduced from spatially one-dimensional Ginzburg–

Landau equation8 can be adopted to investigate the collective behavior of chimera

states.

∂φ(x, t)

∂t
= ω −

∫ π

−π

G(x− x′) sin [φ(x, t) − φ(x′, t) + α]dx′ , (1)

Here φ(x, t) is the instantaneous phase of the oscillator at position x at time t

and satisfies a periodic boundary condition, therefore this equation can describe a

ring of coupled oscillators. Since the oscillators are set to be identical, the natural

frequency ω and the phase lag α, are chosen to be constant and independent of the

spatial location of the oscillator. Without loss of generality, ω can be set to be 0. The

phase lag is set to be α � π/2 for the emergence of chimera states, where for the case

with α = 0, the system may effectively reach synchronization. The coupling function

G(x−x′), which defines the nonlocal coupling between oscillators, is assumed to be

even, nonnegative, nonincreasing with respect to |x − x′|, and normalized to have

unit integral. Specifically, the previous studies of chimera states considered several

different forms of coupling functions G. Kuramoto et al. considered an exponential

kernel8 with κ > 0

G(x − x′) ∝ exp(−κ|x− x′|) . (2)

Then, Strogatz et al. proposed a cosine kernel7,15 to solve and analyze the system

precisely

G(x− x′) =
1 +A cos(x − x′)

2π
, (3)

where A < 1 to ensure the non-negative value of G.a Moreover, the piecewise-

constant coupling functions16–18 were also taken into account, e.g., with a radius

γ ∈ (0, 1) as

G(x− x′) =

⎧⎨
⎩

1

2πγ
, |x| ≤ πγ ,

0 , |x| > πγ .

(4)

A classical chimera state is shown in Fig. 1 with G given by formula (3). In this

snapshot of phases, coherent and incoherent regions can coexist. The oscillators

near x = −π (where equivalent with x = π) evolve nearly in phase, i.e., they

move with the same constant frequency, and look like frozen in a frame rotating

introduced. For convenience, one can introduce a reference frame rotating at the

aChimera states can also be found for A > 1 as reported in Ref. 77.
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Fig. 1. The chimera state with G(x − x′) = 1 +A cos (x− x′)/2π. (a) Snapshot of phase. (b)
Snapshot of velocity.

angular frequency Ω, so that the phase variable of any oscillator in this frame

can be written as θ = φ − Ωt. When the chimera state emerges, Ω can be chosen

to be the average frequency of the oscillators in the coherent subset. Meanwhile,

the scattered oscillators are drifting, and their motions are strongly nonuniform.

Figure 1(b) is the snapshot of velocity v of oscillators, which indicates that the

oscillators in coherent region are rotating with the same velocity.

To characterize the collective dynamics of oscillators, a complex order parameter

Z is defined for oscillator at position x:

Z(x, t) ≡ R(x, t)eiΘ(x,t) =

∫
G(x − x′)eiθ(x

′,t)dx′ , (5)

this complex order parameter can characterize the coherent extent of the oscillators.

The integral of the right-hand side performs a running average of eiθ and the width

is determined by the kernel function G centered at x. Thus, the value of modulus

R depends not solely on the phase coherence around point x, but also on the

distribution of coupling strengths given by the function G and Θ represents the

local averaged phase at x.

By adopting the above modeling, similar to the traditional Kuramoto model, it

is possible to analytically deal with the collective dynamics of chimera states. Up to

now, theoretical approaches in literature employed to study the dynamics of chimera

states mainly contain the work by Kuramoto and Battogtokh8 based on the self-

consistency equation and an invariant manifold theory to solve the corresponding

partial differential equation (PDE) systems as proposed by Ott and Antonsen.75,76

We intend to give a detailed framework of these two approaches and further results

in the following sections.

2.2. The Kuramoto–Battogtokh self-consistency approach

By introducing a complex order parameter depending on space and time as given

in Eq. (5), the dynamical equations of the oscillator system can be rewritten as

∂θ

∂t
= ω − Ω−R sin(θ −Θ+ α) . (6)
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The motion of the oscillator at x can be solved by using the fact that the oscilla-

tors with R(x) ≥ |ω − Ω| asymptotically approach a stable fixed point θ∗ defined

implicitly by

ω − Ω = R(x) sin[θ∗ −Θ(x) + α] , (7)

where the oscillators are phase-locked at frequency Ω in the original frame. Here

we can set the real number Δ ≡ ω − Ω. To calculate the contribution from the

phase-locked oscillators to the order parameter, we note that any fixed point of

Eq. (6) must satisfy

sin(θ∗ −Θ+ α) =
ω − Ω

R
and cos(θ∗ −Θ+ α) = ±

√
R2 − (ω − Ω)2

R
, (8)

where the stable fixed point of Eq. (6) corresponds to the plus sign in Eq. (8).

Hence, we have

exp[i(θ∗ −Θ+ α)] =

√
R2 − (ω − Ω)2 + i(ω − Ω)

R
, (9)

implying that the contribution to the order parameter from the locked oscillators

is ∫
G(x− x′)eiθ

∗(x′) = e−iα

∫
G(x − x′)eiΘ(x′)

×
√
R(x′)2 − (ω − Ω)2 + i(ω − Ω)

R(x′)
dx′, (10)

where the summation is taken over the portion of the domain where R(x) ≥
|ω − Ω|.

The oscillators with R(x) < |ω − Ω| drift about the phase circle monotonically,

and they distribute themselves according to the following invariant probability den-

sity ρ(θ):

ρ(θ) =

√
(ω − Ω)2 −R2

2π|ω − Ω−R sin(θ −Θ+ α)| , (11)

where the oscillators distribute themselves according to an invariant density, and the

probability of finding an oscillator near a given value of θ is inversely proportional

to the velocity at the corresponding position. The normalization constant is chosen

such that
∫ π

−π
ρ(θ)dθ = 1.

To calculate the contribution to the order parameter from the drifting oscillators,

we replace eiθ(x
′) by its statistical average

∫ π

−π e
iθρ(θ)dθ. Using this approximation

in Eq. (11), we have∫ π

−π

eiθρ(θ)dθ =
i

R
e−i(α−Θ)[ω − Ω−

√
(ω − Ω)2 −R2] . (12)
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The contribution from the drifting oscillators to the order parameter is then given

by ∫
G(x− x′)dx′

∫ π

−π

eiθρ(θ)dθ = ie−iα

∫
G(x− x′)eiΘ(x′)

× ω − Ω−√
(ω − Ω)2 −R(x′)2

R(x′)
dx′ , (13)

where the summation is over the complementary part of the domain defined by

R(x) < |ω−Ω|. Note that the summation is exactly the same as that found earlier

in Eq. (10) for the contribution from the phase-locked oscillators, with the only

difference being the domains of the summation. Since√
R2 − (ω − Ω)2 + i(ω − Ω) = i[ω − Ω−

√
(ω − Ω)2 −R2] , (14)

insofar as we choose the branch corresponding to the “+i” square root of a negative

number, the two contributions agree with each other. They can then be combined

into one, which is the self-consistency equation derived in Ref. 8:

R(x)eiΘ(x) = ie−iα

∫
G(x−x′)eiΘ(x′)× ω − Ω−√

(ω − Ω)2 −R(x′)2

R(x′)
dx′ . (15)

Letting β = (π/2)− α, we can rewrite the self-consistency equation Eq. (15) as

R(x)eiΘ(x) = eiβ
∫
G(x− x′)eiΘ(x′)H(x′)dx′ . (16)

with H(x) = (Δ−√
Δ2 −R(x)2)/R(x). The self-consistency equation can be used

to solve three unknowns: R(x), Θ(x) and the real number Δ, which can be ac-

complished by using an iterative scheme in the functional space. In general, there

are two equations [corresponding to the real and imaginary parts of Eq. (16)], and

a third equation can be obtained by making the system close. Since Eq. (16) is

invariant under the rotation Θ(x) → Θ(x) + Θ0, we can specify the value of Θ(x)

at any point x. A natural choice is to set Θ(0) = 0. The resulting three equations

can then be solved numerically in a self-consistent manner to yield the three quan-

tities of interest. Figure 2 is the order parameter R(x), Θ(x) and the real number

Δ obtained from Eq. (16). From this figure, we can see that the R(x) ≥ |Δ| part
corresponds to the phase-lock domain in Fig. 1.

2.3. The Ott–Antonsen approach

The self-consistency equation scheme proposed by Kuramoto and Battogtokh can

explain chimera states under a stable state. Then how can we depict the spatiotem-

poral pattern of chimera states theoretically? In 2008 and 2009, Ott and Antonsen

demonstrated that certain networks of phase oscillators have low-dimensional dy-

namics,75,76 and considered an invariant manifold (Ott–Antonsen ansatz) to study

the nonlinear time evolving dynamical behavior of the systems such as globally

coupled phase oscillators, i.e., Kuramoto-type model, then reduced the system with
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Fig. 2. (a) Modulus R(x) of complex order parameter and real number Δ obtained from Eq. (16),
where R(x) ≥ |Δ| corresponds to coherent domain. (b) Argument Θ(x) of the oscillators obtained
from Eq. (16).

large size into a small number of ordinary differential equations, an exact and closed

form solution. Abrams et al. were the first to adopt the Ott–Antonsen ansatz to

analyze the dynamics of chimera states emerged in the system composed of two

subnetworks.52 Later Laing14 derived equations to describe the dynamics of a class

of chimera states by means of the Ott–Antonsen ansatz, including a ring or line of

oscillators with nonlocal coupling, two-dimensional array of oscillators with non-

local coupling. Specifically, the heterogeneous network systems were also taken into

account.

The differential equations of chimera states for identical oscillator systems are

briefly given via Ott–Antonsen ansatz as follows. Considering the limit N → ∞, the

state of the oscillator system at time t can be described by a continuous distribution

function, f(x, φ, t), this probability density function satisfies the continuity equation

∂f

∂t
+

∂

∂φ
(fv) = 0 , (17)

where

v(x, t) = ω −
∫
dx′G(x− x′)

∫ π

−π

dφ′ sin(φ− φ′ + α)f(x′, φ′, t) . (18)

Here we take φ to denote the phase of oscillator at position x, e.g., φ = φ(x), φ′ =
φ(x′). Roughly speaking, Eqs. (17) and (18) have an explicitly known attracting

invariant manifold that contains all the relevant dynamics of Eq. (1). Then the

complex order parameter is

Z(x, t) ≡ R(x, t)eiΦ(x,t) =

∫
dx′G(x − x′)

∫ π

−π

dφ′eiφ
′
f(x′, φ′, t) . (19)

Equation (18) can be rewritten as

v(x, t) = ω −
∫
dx′G(x − x′)

∫ π

−π

dφ′
ei(φ−φ′+α) − e−i(φ−φ′+α)

2i
f(x′, φ′, t)

= ω − 1

2i

[
ei(φ+α)

∫
dx′G(x − x′)

∫ π

−π

dφ′e−iφ′
f(x′, φ′, t)
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− e−i(φ+α)

∫
dx′G(x− x′)

∫ π

−π

dφ′eiφ
′
f(x′, φ′, t)

]
. (20)

Substituting Eq. (19) into Eq. (20), we obtain

v(x, t) = ω − 1

2i
[Z∗(x, t)ei(φ+α) − Z(x, t)e−i(φ+α)] . (21)

Following the treatment in Refs. 75 and 76, we express f(x, φ, t) in terms of the

Fourier series:

f(x, φ, t) =
1

2π

{
1 +

∞∑
n=1

[h(x, t)neinφ + c.c.]

}
, (22)

under the assumption that different harmonics are determined by the corresponding

powers of the same function h(x, t). Inserting Eqs. (21) and (22) into the continuity

equation (17), we have

∂f

∂t
=

1

2π

∞∑
n=1

[
nhn−1 ∂h

∂t
einφ + c.c.

]
, (23)

∂

∂φ
(fv) =

1

2π

{ ∞∑
n=1

[inhneinφ + c.c.]

}
×
{
ω − 1

2i
[Z∗ei(φ+α) − Ze−i(φ+α)]

}

+
1

2π

{
1 +

∞∑
n=1

[hneinφ + c.c.]

}
×
{
−1

2
[Z∗ei(φ+α) + Ze−i(φ+α)]

}
. (24)

Comparing the coefficient of the term einφ, we obtain

∂h

∂t
= −iωh+ 1

2
[Z∗eiα − Ze−iαh2] . (25)

Substituting Eq. (22) into Eq. (19), we obtain the order parameter as

Z(x, t) =

∫
dx′G(x − x′)

∫ π

−π

dφ′eiφ
′

× 1

2π

{
1 +

∞∑
n=1

[hn(x′, t)einφ
′
+ h∗n(x′, t)e−inφ′

]

}
. (26)

The integration of the term eimφ is equal to 0 in the interval [−π, π] when m is an

integer except 0. Equation (26) then becomes

Z(x, t) =

∫
dx′G(x− x′)h∗(x′, t) . (27)

Equations (25) and (27) can be combined to yield the following equation in terms

of h(x, t) and the order parameter:

∂h(x, t)

∂t
= −iωh(x, t) + 1

2
[Z∗(x, t)eiα − Z(x, t)e−iαh2(x, t)] ,

Z(x, t) =

∫
dx′G(x− x′)h∗(x′, t) .

(28)

From Eq. (28), we can obtain the time evolution of the order parameter.
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Fig. 3. Poisson distributions F (φ) for (a) |h| = 0, (b) 0 < |h| < 1 and (c) |h| = 1. Source:
Reprinted figure with permission from Ref. 77.

The order parameter Z obtained from Eq. (28) can characterize the spatiotem-

poral pattern of chimera states. Furthermore, the significance of the quantity h can

exhibit the coherent and incoherent regions in a chimera state.14,77 The distribution

f defined by Eq. (22) has a clear interpretation with respect to the complex-valued

function h, the probability density function F (φ) at position x has proportionality

F (φ) ∼
∞∑

n=−∞
[h(x)]neinφ . (29)

Indeed, for any |h(x, t)| ≤ 1, we have

F (φ) =
1− |h|2

2π[1− 2|h| cos(φ − argh) + |h|2] , (30)

which is a Poisson kernel. In particular, arg h indicates the location of the center of

the distribution, whereas |h| characterizes the degree of its non-uniformity, shown

in Fig. 3.

Whereas, if |h| = 1, Eq. (30) degenerates into a Dirac delta function

F (φ) = δ(φ− argh) (31)

which corresponds to a phase-locking, thus φ gives the value of arg h at which the

maximum of F occurs, and |h| is a measure of the “peakedness” of the distribution.

On the other hand, for any f given by Eq. (22)

h(x, t) =

∫ π

−π

dφf(x, φ, t)eiφ . (32)

As is defined in Eq. (19), the Kuramoto’s order parameter Z(x, t) is an integral of

the effect over both x and φ. Comparatively, the function h(x, t) defined in Eq. (32)

measures the synchronization degree of oscillators around point x, hence it can also

be considered as a local order parameter.

In particular, if for some x we get |h(x, t)| = 1, this implies that oscillators with

sites x ≈ x± ε (ε→ 0) are phase-locked and therefore correspond to coherence. On

the contrary, if |h(x, t)| < 1 then oscillators at the position x ≈ x± ε have sparsely

distributed phases and are referred to as incoherent oscillators. Remarkably, there

exist continuous symmetries in Eq. (28) with respect to the spatial translation
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h(x, t) 
→ h(x+s, t), s ∈ R, and rigid phase rotation h(x, t) 
→ h(x, t)eiϕ. Therefore,

it can be considered as a rotating wave solution77 with the form

h(x, t) = a(x)e−iΩt , (33)

where Ω is the collective frequency, namely the phase-locked frequency as the frame

mentioned above with a(x) the spatial profile. In accordance with the probabilistic

interpretation of the local order parameter h, it is ensured that |a(x)| ≤ 1 for all

x, then the regions with |a(x)| = 1 and |a(x)| < 1 as to be coherent and incoher-

ent, respectively. In Ref. 77, this coherent-incoherent pattern can be represented as

rotating wave solutions of infinite-dimensional evolution equation. Moreover, spa-

tially dependent amplitudes of these waves and their rotational frequencies satisfy

a nonlinear integral equation, which has the form of an infinite-dimensional non-

linear eigenvalue problem (NEVP). In particular, they showed that every nonzero

harmonics in the Fourier series of coupling function G gives rise to several solution

curves (modulo the symmetry group action) organized as primary and secondary

branches bifurcating from the trivial solution. All the branches can be interpreted

either as coherence-incoherence patterns or as phase-locked solutions of the system.

Substituting Eq. (33) into Eq. (28), noting that ∂a(x)/∂t = 0, one obtains

− i(ω − Ω) +
1

2
[Ẑ∗(x)eiα − Ẑ(x)e−iαa(x)2] = 0 , (34)

where

Ẑ(x) =

∫
dx′G(x− x′)a∗(x′) . (35)

From Eq. (34) we get

a(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−i(ω − Ω) +

√
−(ω − Ω)2 + |Ẑ(x)|2

Ẑ(x)e−iα
for |Ẑ(x)| ≥ |ω − Ω| ,

−i(ω − Ω) + i

√
(ω − Ω)2 − |Ẑ(x)|2

Ẑ(x)e−iα
for |Ẑ(x)| < |ω − Ω| .

Taking a(x) into Eq. (35), then noticing that Ẑ(x) ≡ R̂(x)eiΘ̂(x), we have

R̂(x)eiΘ̂(x) = e−iα

∫
dx′G(x−x′)eiΘ̂(x)×

i(ω − Ω) +

√
R̂2(x′)− (ω − Ω)2

R̂(x′)
(36)

for R̂(x) ≥ |ω − Ω| and

R̂(x)eiΘ̂(x) = ie−iα

∫
dx′G(x−x′)eiΘ̂(x)×

(ω − Ω)−
√
(ω − Ω)2 − R̂2(x′)

R̂(x′)
(37)

1630002-11



March 11, 2016 10:59 IJMPB S0217979216300024 page 12

N. Yao & Z. Zheng

for R̂(x) < |ω−Ω|. Making β = (π/2)−α and Δ = ω−Ω to be the same as above,

and from Eq. (14), we have

R̂(x)eiΘ̂(x) = eiβ
∫
G(x− x′)eiΘ̂(x′) ×

Δ−
√
Δ2 − R̂(x′)2

R̂(x′)
. (38)

It can be found that the equations above describe a self-consistency process. Actu-

ally, when the system is under a stable steady state, the Ott–Antonsen ansatz is in

equivalence with the self-consistency equation introduced in Sec. 2.2.

3. Chimera State in One-Dimensional Systems: Bifurcation and

Stability Analysis

From the pioneering works on chimera states,7,8,15 the main ingredients for the

emergence of the chimera states in a ring of coupled identical oscillators [e.g., as

shown in Eq. (1)] are as follows:

(i) A nonlocal coupling that provides an interaction between oscillators with a

coupling range that is different from either global coupling or local coupling,

the chimera state cannot occur with constant coupling function G.

(ii) A tunable phase lag parameter α in phase coupling term or a coupling delay is

necessary. For the case with α = 0, which corresponds to a pure sinusoidal cou-

pling in Eq. (1), chimera states cannot emerge for any forms of kernel G. This

can be attributed to that Eq. (1) becomes a gradient system in the frame ro-

tating at frequency ω, where all attractors must be fixed points, corresponding

to phase-locked solutions in the original frame, thus ruling out the possibility

of the coexisting drift.

(iii) The initial conditions were also found to play an important role in the emer-

gence of chimera states.

Then, it is a fundamental question to more precisely identify the condition for

the emergence of chimera states. Abrams and Strogatz first presented an exact

solution for the chimera state,7,15 for a one-dimensional ring of phase oscillators

governed by Eq. (1) with the cosine kernel coupling function Eq. (3), and the spatial

domain was −π ≤ x ≤ π with periodic boundary conditions. The exact solution

will have the same number of harmonics as G has, so expanding G(x − x′) by a

trigonometric identity in the self-consistency equation (16), the order parameter

can be written as

R(x)eiΘ(x) = c+ a cosx , (39)

where the coefficients c and a are given by

c = eiβ〈HeiΘ〉 , (40)

a = Aeiβ〈HeiΘ cosx′〉 , (41)
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where H is the same as we have mentioned in Eq. (16). Combining these equations,

the self-consistency equation for a and c can be obtained. For a deeper insight into

the chimera states and the bifurcations, it is necessary to solve the self-consistency

equation for a and c. Under an ansatz that sets A = ε:

Δ ∼ 1 + Δ1ε+Δ2ε
2 ,

c ∼ 1 + c1ε+ c2ε
2 ,

Re(a) ∼ uε2 ,

Im(a) ∼ υε2 ,

(42)

and defines δ = Δ2 − c2. Then, the perturbation theory was employed to analyze

the parameter regions of the existence, birth or death of the chimera state. The

parameter space for chimera states obtained from perturbation theory coincides

well with the numerical results. Figure 4 shows a compendium of the stationary

states and the bifurcation points of the system,7 including the stable chimera states

and unstable chimera states along with homoclinic locked states, uniform drift,

modulated drift, and so on. It can be seen that, the stable chimera states bifurcate

from a spatially modulated drifted state, and die in a saddle-node bifurcation with

unstable chimera states. The parameter regions where chimera states exist are also

obtained by numerically solving and then continuing the solutions to a system of

algebraic integral equations. Moreover, the diagram depicted in Fig. 4 misses one

important feature. As explained in Ref. 77, chimera states reported in Refs. 7 and

15 can undergo a Hopf bifurcation for cosine coupling parameter A > 1. This

bifurcation cannot be detected by the self-consistency argument used in Refs. 7

and 15.

The theoretical analysis of the emergence of chimera states based on the

Kuramoto–Battogtokh self-consistency and Ott–Antonsen approaches are both un-

der thermodynamic limit. The properties of chimera states in systems with finite

Fig. 4. Diagram of bifurcations giving rise to the chimera state in u−δ plane. Insets show average
frequency Δ̄ versus x. Source: Reprinted figure with permission from Ref. 7.
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dimensions were also investigated.16–18 The model of coupled phase oscillators can

be written in a discrete form under finite dimensions with respect to Eq. (1) as

dφ(xi)

dt
= ωi − 2π

N

N∑
j=1

G(xi − xj) sin[φ(xi)− φ(xj) + α] . (43)

Intuitively, the finite-size effects will manifest themselves only as noisy fluctuations

with respect to the mean values given by the stationary macroscopic quantities

obtained in the thermodynamic limit. However, due to the nonlinear nature of

the system, these fluctuations may also induce qualitatively new phenomena. In

contrast to the chimera states in thermodynamic limit that have time-independent

regions of coherent and incoherent motions, the finite-dimensional case possesses

the irregular motion of the coherent and incoherent regions, namely, on top of

the chaotic motion within the incoherent region, the positions of the coherent and

incoherent boundaries also show chaotic motions. It turns out to be a Brownian

motion on a sufficiently large time scale. The scaling behavior of this motion is

related to the number of oscillators, and depends on system parameters as well as

on the type of the coupling function.16 Furthermore, for a ring system, the other

phenomenon resulting from finite-size effects is the collapse of the chimera.17 While

the results do not necessarily generalize to other cases, chimeras can be stable

in the population chimeras with small numbers of oscillator.61–63 For sufficiently

small populations, the chimera states reveal their transient nature: after a certain

time span, the chimera pattern collapses suddenly and the whole system evolves

to the completely coherent state. The average lifetime 〈τ〉 of the chimera state

grows exponentially with the system size,17 i.e., the number of oscillators, and the

corresponding Lyapunov spectra indicate that the system turns out to be weakly

chaotic and remain stationary until the collapse of the chimera state. Based on this

evidence, chimera states in such systems can be classified to type-II supertransients

and indeed can be considered as chaotic transients in the system with a finite

size.17,18 The Lyapunov spectrum properties for the chimera states from finite to

infinite size systems were also analyzed in detail.18

A control scheme that can stabilize the chaotic regime associated with chimera

states was proposed very recently.19 It is known that in the uncontrolled system the

chimera states have a dominant instability that will lead eventually to a sudden col-

lapse of the chimera pattern.17 This collapse can be successfully suppressed by the

feedback control. The idea of the control scheme is to set a phase lag α that is pro-

portional to the global order parameter R(t) = (1/2π)| ∫ +π

−π
h(x, t)dx|. In the con-

trolled system, a stable branch of chimera states bifurcating from the completely co-

herent solution can be observed. In addition to the collapse suppression, the control

enlarges the basin of attraction such that random initial conditions converge almost

surely to the chimera state. This feedback control scheme is of particular importance

for experimental realizations, since it can stabilize chimera states in systems with

considerably smaller values of size N and even with arbitrarily initial conditions.
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The stability of chimera states is a fundamental problem still open for further

study. The chimera state is the spatial temporal solution of the coupled oscilla-

tor systems. Most of recent observations are based on numerical simulation, rather

than derivation to exact analytical descriptions of chimera states, which, however

is crucial for stability analysis and further theoretical studies to chimera states.77

Moreover, the chimera state solution is intimately related to the parameter set-

ting, the initial conditions, and the form of coupling functions. To obtain a general

solution of chimera state and probe its stability is still difficult for the moment.

As is mentioned at the beginning of this section, the initial works about the

simple system (a ring of identical oscillators) suggested the three ingredients for

the emergence of chimera states.7,8,15 Further explorations indicated that for the

variant systems, the conditions to create chimera states can be relaxed, e.g., from

specific initial condition to arbitrary initial conditions19,45 and from nonlocal cou-

pling to global coupling among oscillators.43,48,50,51 One typical example for the

relaxation of nonlocal coupling was from the globally coupled identical oscillator

system with an effective bistability, which dynamically appears due to the internal

delayed feedback.50 Other works on chimera states with global couplings43,48,51 will

be demonstrated in Sec. 7.

The classical chimera states are observed in homogeneously coupled oscillator

systems. Nevertheless, chimera states emerging from a system composed of inhomo-

geneous oscillators were also of interest.14 Laing considered nonlocally coupled one-

and two-dimensional oscillators,14 taking into account the inhomogeneous intrinsic

frequencies ωi, as well as the inhomogeneous coupling. The analytical description

of the dynamics of systems via employing the Ott–Antonsen ansatz was derived.

The aforesaid works mainly discussed the nonlocal coupling associated with the

lattice distance [see Eq. (3)]. Actually, chimera states also emerge in the oscillator

system with some other settings of coupling strength.20,21 Ko and Ermentrout inves-

tigated an all-to-all coupled network of oscillators with identical intrinsic frequen-

cies but with heterogeneous coupling strength obeying a power-law distribution.20

The partially locked states where oscillators with weak coupling are synchronized

while strongly coupled oscillators that remain incoherent were found. The cou-

pling strength can also be associated with the property of oscillators. Wang and Li

explored the case with coupling strength as a function of heterogeneous intrinsic

frequency of oscillators.21 It was found that the oscillators with natural frequencies

larger than zero manifest coherent behaviors and those with negative values evolve

in an incoherent manner.

4. Chimera States in High-Dimensional Systems:

Pattern Formations

In addition to explorations of chimera states in one-dimensional systems, manifes-

tations of the chimera states in high-dimensional systems were also discussed, such

as two-dimensional lattices,10,22–24 torus25,26 and spheres.27 For two-dimensional
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lattices of coupled identical oscillators, two kinds of chimera states have been re-

ported: the spiral chimera and spots chimera. For the spiral chimera pattern, a core

of incoherence is surrounded by the coherent region, where the phases of the os-

cillators make a full cycle along any path around the phase-randomized core, with

the lines of constant phase resemble spiral arms.

This anomalous type of rotating spiral wave pattern with a center core composed

of phase-randomized oscillators was first reported by Kuramoto and Shima10,22

on an infinite plane. A simple class of three-component reaction-diffusion systems

involving two diffusion-free components and an extra diffusive component as follows

was proved to exhibit this type of anomaly:

∂tX(r, t) = f(X,Y ) +K(B −X) ,

∂tY (r, t) = g(X,Y ) ,

τ∂tB(r, t) = −B +D∇2B +X .

(44)

Here the last component plays the role of a coupling agent allowing the oth-

erwise independent local oscillators to communicate with each other, where the

communication takes place nonlocally, expressed in terms of the Green’s function

G(r) in the form B(r, t) =
∫
G(r, r′)X(r′, t)dr′. When the system is infinitely

extended, the Green’s function G(r) is radially symmetric and can be given by

a modified Bessel function of the second kind, which behaves asymptotically as

G(r) ∼ exp(−r/r0)/
√
r/r0 for r � r0. These equations represent a two-component

oscillatory field with nonlocal coupling. Then, by taking the FitzHugh–Nagumo

model as the dynamical model and carrying out a numerical analysis over a square

lattice of oscillators of N ×N lattice points, it was numerically illustrated in Fig. 5

for two representative values of the coupling strength K. The case of large K [see

the insets 5(a)–5(c)] exhibits the spiral pattern forming a simply connected object

involving one phase singularity at the center. It can be attributed to the effectively

local (diffusive) coupling due to the characteristic wavelength of the pattern longer

than the coupling radius. While, interestingly, the case of small K [see the insets

5(d) and 5(f)] obtains chimera state which has similar spiral pattern, but the oscil-

lators near the center of the rotation behave individually rather than collectively.

The stronger nonlocal nature of the coupling with small K leads to the emergence

of the group of phase-randomized oscillators near the center of rotation.

In the extreme case of weak coupling, the so-called phase reduction method is

applicable to system (44), by which a phase oscillator model with nonlocal couplings

can be derived as

∂tψ(r, t) = ω −
∫
R2

G(r, r′) sin[ψ(r, t)− ψ(r′, t) + α]dr′ , (45)

where R
2 is the two-dimensional space, and the coupling strength K is included

in the coupling function G. The resulting phase oscillator model with nonlocal

coupling was found to exhibit the same type of core anomaly. For the arguments

developed below, it is convenient to define a mean-field complex order parameter
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Fig. 5. Spiral patterns exhibited by nonlocally coupled FitzHugh–Nagumo oscillators for two
representative cases. Oscillators with (a)–(c) strong coupling K = 10.0 performed as a normal
spiral pattern and (d) and (f) weak coupling K = 5.0 performed as a phase-randomized core
spiral pattern. (c) and (f) are corresponding phase portraits in the X–Y plane. Source: Reprinted
figure with permission from Ref. 10.

through θ = ψ − Ωt:

R(r, t)eiΘ(r,t) =

∫
R2

G(r, r′)eiθ(r
′,t)dr′ . (46)

Under the assumption that the pattern of a suitably defined mean field is steadily

rotating in spite of the existence of incoherence, a functional self-consistency equa-

tion is derived to be satisfied by the mean field:

R(r)eiΘ(r,t) = eiβ
∫
R2

G(r, r′)eiΘ(r′)H(r′)dr′ , (47)

where H(r) = (Δ−√
Δ2 −R2(r))/R(r). Its solution successfully reproduced var-

ious results obtained from their direct numerical simulations carried out on this

phase model.

Such spiral wave chimera, with a phase-randomized core of desynchronized

oscillators surrounded by phase-locked oscillators in the spiral arms, was then

studied further by Martens et al.23 They presented an analytical description of
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Fig. 6. Comparison of results (a) values of Δ, (b) values of ρ from simulation (circles) and
perturbation theory (solid line). Source: Reprinted figure with permission from Ref. 23.

the spiral wave chimera by using the model Eq. (45) with a Gaussian kernel

G(r, r′) = exp(−|r − r′|2)/π, permitting to explicitly perform the integration and

thus made analytical progresses in the subsequent perturbation analysis, instead

of the modified Bessel function of the second kind.10 They considered the self-

consistency equation of the mean field performing as Eq. (47), then employing the

perturbation theory and analytically obtained the relation Δ = α, so that the ro-

tation speed of the spiral wave is Ω = ω − Δ = ω − α, and the incoherent core

radius ρ = (2/
√
π)α in the limit of α → 0. Figure 6 plots Δ and ρ as the func-

tions of α both from analytical prediction (solid lines) and direct simulations of

the model equation (open circles), which coincides well with each other. The occur-

rence of chimera states in two-dimensional unbounded system is in a quite different

parameter region from the classical one-dimensional system, and furthermore, the

coherent region is of infinite size.

The two-dimensional counterparts of the classical one-dimensional chimera

states on torus, i.e., the system with periodic boundary condition, were studied

in Refs. 25 and 26. A variety of stationary patterns of chimera states were dis-

covered in numerical experiments,25 including circular spots, stripe patterns, and

patterns of multiple spirals (see Fig. 7). Similar to the classical one-dimensional

Fig. 7. Snapshots of phase distributions, showing four different types of coherence-incoherence
patterns with different parameters. (a) Coherent spot. (b) Incoherent spot. (c) Stripe pattern.
(d) Multiple spirals. Source: Reprinted figure with permission from Ref. 25.
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chimera7,15 for all these patterns, the relative size of the coherent region varies

with the parameter α and the coupling range. The stationary pattern with a single

spiral in an unbounded domain10,23 does not exist for periodic boundary conditions,

while, interestingly, a stable configuration of four spirals was found as Fig. 7(d).

The thermodynamic limit equation for the system was also derived which success-

fully estimated the trend of the stationary profile of the locally averaged phase

distributions from simulation for increasing system size.

Further analysis to the two-dimensional chimeras are also performed. Panag-

gio and Abrams have discussed the bifurcations of these spot chimeras and stripe

chimeras in two-dimensional systems.26 They used asymptotic methods to demon-

strate the existence of spot and stripe chimera states and also to deduce the exis-

tence of new asymmetric chimera states that play a critical role in determining the

stability of spot and stripe chimera patterns. The intricacy of bifurcation elucidates

the reason of difficulty in reproducing chimera states in numerical simulations and

experiments is that stable chimeras exist only in narrow ranges of system param-

eters. Their work also explained the curiously disconnected parameter ranges of

spots chimera states detected numerically by Omel’chenko.25

For the sake of analyzing the bifurcation of these patterns, the system with

continuous distribution of oscillators as Eq. (45) and the mean-field complex order

parameter that satisfies the self-consistency equation (47) were considered.26 A

simple kernel representing the nonlocal coupling was defined to simplify the analysis:

G(r, r′) =
1

(2π)2
{1 + κ[cos(u− u′) + cos(υ − υ′)]} , (48)

where the u and υ are coordinates corresponding to the toroidal and poloidal angles

on the surface of a torus, respectively. This kernel is the leading-order approxima-

tion to the two-dimensional von Mises distribution, a circular analog of the Gaussian

distribution, and can also be interpreted as a perturbative cutoff of all-to-all cou-

pling for the case with κ � 1. By means of the definition in Eq. (48), the explicit

dependence on u and υ is removed from the integrals, and then the order parameter

can be expressed as follows:

R(r)eiΘ(r) = c+ d1 cos(u) + d2 cos(υ) (49)

with

c = eiβ〈H(r′)eiΘ(r′)〉
d1 = κeiβ〈H(r′)eiΘ(r′) cos(u′)〉
d2 = κeiβ〈H(r′)eiΘ(r′) cos(υ′)〉 ,

(50)

where 〈·〉 = (1/(2π)2)
∫
S2
dr′ means the normalized average of the space S

2. Com-

bining Eqs. (49) and (50) by setting Θ(π/2, π/2) = 0 and taking them into Eq. (47),

the infinite-dimensional functional Eq. (47) thus can be reduced to a set of six alge-

braic equations (three real and three complex ) with six variables (c, Re(d1), Im(d1),
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Re(d2), Im(d2), and Δ). Motivated by results from one-dimensional systems,15 one

can make an ansatz for κ = ε� 1 to solve the system asymptotically,

β = β1ε ,

c ∼ 1 + c1ε+ c2ε
2 ,

d1 ∼ (a1 + ib1)ε
2 ,

d2 ∼ (a2 + ib2)ε
2 ,

Δ ∼ 1 + Δ1ε+Δ2ε
2 .

(51)

A set of solutions corresponding to various types of chimera states and drifting

states can be obtained, including the solutions containing three closed loops con-

nected by two branches. By analyzing the bifurcation of the system and the bound-

ary between coherent regions and incoherent regions, it was found that when a1 = 0

or a2 = 0, the solutions along this branch represent one-dimensional stripe chimera

states as Fig. 7(c). Figure 8(a) indicates that various solutions and their stabil-

ity can be found along this branch. When a1 = a2, these chimera states consist

of a coherent spot surrounded by an incoherent region or an incoherent spot sur-

rounded by a coherent region, as shown in Figs. 7(a) and 7(b). Moreover, stable

chimera states were found to be created via continuous bifurcation off modulated

drift states, while unstable chimeras appear via continuous bifurcation off the fully

synchronized state. In addition, a new type of asymmetric chimera states was also

found when a1 �= a2, which are unstable and only appear in simulation as transients.

As a natural extension of the previous studies with respect to one-dimensional

chimera and two-dimensional chimera states, in the follow-up works, Panaggio and

Abrams studied coupled oscillators on the surface of a sphere27 and observed both

spot and spiral chimera states on the surface of a sphere as is shown in Fig. 9.

Fig. 8. (Color online) Cross-sections of system solutions. The magenta (dash dotted) curves
represent unstable chimeras, the blue (solid) curves represent stable chimeras, the green (dashed)
curves correspond to modulated drift states, and the red (solid, a1 = 0) curves correspond to
uniform drift states. Panel (a) displays the stripe chimera loop (a2 = 0). Panel (b) displays the
symmetric spot loop (a1 = a2). Note that curves and labeled points were determined analytically,
while stability was evaluated numerically. Stability boundaries were observed to correspond to
labeled points. Source: Reprinted figure with permission from Ref. 26.
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Fig. 9. (Color online) Examples of spot and spiral chimera states. Panels (a) and (b) display
the sphere in three-dimensions, while panels (c) and (d) display two-dimensional projections of a
sphere from above and below. Source: Reprinted figure with permission from Ref. 27.

In agreement with previous results, when the spatial coupling range is close to

global, spot chimeras only exist near the Hamiltonian limit α = π/2 whereas spiral

chimeras exist for all values of 0 ≤ α ≤ π/2. For more spatially localized cou-

plings, numerical results suggested that both types of chimera states exist, while

having disjoint regions of stability. The surface of a sphere actually provides a new

and interesting testbed for assessing the properties of chimera states. Moreover,

the topological resemblance of a sphere to the human heart and brain also made

the research potentially valuable for applications to naturally occurring biological

oscillatory systems.

5. Pattern Formation: Multi-Cluster Chimera States

Chimera states discussed above are composed of a single coherent cluster and a

single incoherent cluster, while multicluster chimera states can also come forth,

e.g., the multiple-spiral chimera states shown in Fig. 7(d). It is interesting to study

the possibility and the mechanism of the pattern formation of chimera states with

multiple clusters. Studies on multi-cluster chimera states with different conditions

were also done.28–33 The novel multiple cluster chimera states were firstly discovered

from a ring of identical phase oscillators with nonlocal coupling and a time-delay

fashion.28 The time-delay model can be expressed as

∂φ(x, t)

∂t
= ω −

∫ l

−l

G(x − x′) sin[φ(x, t)− φ(x′, t− τx,x′) + α]dx′ . (52)

The phase difference between two oscillators located at x and x′ is calculated by

the time-delay term τx,x′ = dx,x′/v, where dx,x′ is the intervening geodesic distance
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Fig. 10. (Color online) Multiple cluster chimera states with time-delay. (a) The space–time plot
of the oscillator phases φ for the parameters 2l = 1.0, ω = 1.1 and α = 0.9 in the early stages of
evolution from a random set of initial phases. (b) A later time evolution. (c) A snapshot of the
final stationary state. (d) A blowup of the region between x = 0.5 to x = 0.25, giving an enlarged
view of an incoherent region and portions of the adjacent coherent regions. Source: Reprinted
figure with permission from Ref. 28.

that an interaction signal needs to travel and v is the signal propagation speed.

Based on this model, the chimera states exist but acquire an additional spatial

modulation such that the single spatially connected phase coherent region of the

usual chimera state is now replaced by a number of spatially disconnected regions

of coherence with intervening regions of incoherence. Furthermore, the adjacent

coherent regions of this multi-cluster chimera state were found to be in antiphase

relation with respect to each other (see Fig. 10). These numerical simulations were

further validated and explained through solutions of a generalized functional self-

consistency equation of the mean field.

In the absence of time delay, a two-cluster chimera state was found by Zhu

et al.29 with a particular initial phase conditions. Moreover, the two-cluster chimera

state is not stationary but oscillating for any finite number of oscillators. The am-

plitude value characterizing the oscillation of the system has a scaling behavior

with system size N , which indicates that the two-cluster oscillating chimera state

becomes stationary in the thermodynamic limit. In addition, under other condi-

tions, such as when a moderate-strength external potential is added, a four-cluster

chimera state was observed.30

The phase oscillators can be classified into two types according to the effect of

interactions, one is the attracting oscillators with positive coupling strength and the

other is the repulsive oscillators with negative coupling strength. Zhu et al. adopted

the phase lag as the index of pulling or pushing effects expressed as α− and α+31
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Fig. 11. (Color online) Pattern for the reversed two-cluster chimera state. Panels (a)–(d) are
phase, average frequencies, modulus R(x) and phase Θ(x) of the complex order parameter, re-
spectively. The parameters α− = −0.4π and α+ = 0.475π. Panels (e) and (f) are the phase and
average frequency profiles at different α− for α+ = 0.475. The diamond (blue), triangle (red)
and square (black) symbols correspond to α− = −0.2π, −0.3π and −0.4π, respectively. Source:
Reprinted figure with permission from Ref. 31.

Fig. 12. Multiple clusters chimera states with the coupling functions G(x) in different forms of
piecewise linear coupling. Source: Reprinted figure with permission from Ref. 32.

and revealed that the system possessing heterogeneous phase lags can evolve into

a reversed two-cluster chimera state with two coherent clusters. Different from the

previous studies, the two coherent clusters have different average frequencies and

different directions of rotation, [see Fig. 11(b)]. The size of the synchronized clusters

depends only on the corresponding phase lag α but not that of the other segment,

and the cluster size decreases when the phase lag is increased.
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The multi-cluster chimera state with any desired number of coherent regions

and with specified phase relationships can be obtained artificially by designing

the form of the coupling function. Ujjwal and Ramaswamy investigated the rela-

tionship between the nature of the chimera and the functional form of the non-

local coupling.32 Figure 12 shows the various multiple clusters chimera states. In

the classical chimera states model Eq. (1), G(x) was always chosen to be a non-

negative even function that decreases monotonically with |x|, Xie et al. retained

the property that G(x) as even but relaxed,33 as exemplified by G
(1)
n ≡ cos(nx)

and G
(2)
n ≡ cos(nx) + cos[(n+ 1)x]. A much richer variety of chimeras were found,

e.g., evenly spaced stationary multiple cluster chimera states, or stationary multiple

cluster with unevenly distributed clusters, including a remarkable traveling chimera

state.

In fact, different from that associated with the classical Kuramoto model,

changes to the coupling topology can also lead to the emergence of various multi-

cluster chimera states with rich spatiotemporal dynamical patterns,34 without the

need to impose special dynamical features such as time delay, phase lag, or special

coupling functions. Under the dynamics of oscillators Eq. (43), introducing a tun-

able topological parameter η = 2L/N (L = 1, . . . , N/2) to implement perturbations

by systematically removing links. η presents the fraction of neighbors removed for

any given oscillator, where L denotes the number of removed links from each side

of the node. As the fraction of the removed links is increased from zero, a variety of

rich phenomena were observed, chimera states with different numbers (denoted by

m) of clusters emerge. Figure 13 shows the spatiotemporal patterns of the emergent

m-cluster chimera states for different intervals of η. An interesting phenomenon is

that, certain m-cluster chimera states can undergo a period-doubling like bifurca-

tion to states with 2m clusters.

A phenomenological theory was proposed based on the intuitive idea of mutual

enhancement between oscillator subsets exhibiting similar dynamical behaviors in

space, to explain the behavior of chimera states with distinct spatiotemporal pat-

terns. The theory correctly predicts key features such as the emergent order of

m-cluster chimera states, the corresponding region of the topology parameter, and

the possible m values for the occurrence of cluster doubling (see Fig. 14). These

results imply that multi-cluster chimera states can occur in nonlocally coupled os-

cillator networks more commonly than previously thought.

6. Chimera States: Beyond the Simple Phase Models

A great deal of previous studies on chimera states have been focused on the Ku-

ramoto phase oscillator model. Recently, the chimera states were found not limited

to phase oscillators, but can also be found in a large variety of systems with more

degrees of freedom, where the phase variable does not necessarily appear in the

equations of motion.36–42 These extension developed a more general framework to

understand the mechanism of chimera states, and furthermore simplified the exper-

imental realizations of chimera states.
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Fig. 13. (Color online) Spatiotemporal patterns associated with multi-cluster chimera states for
different network configuration after structural perturbation. (a) and (c) Typical spatiotemporal
patterns of order parameter R taken from R(xi)eiΘ(xi) = (2π/N)

∑N
j=1 cijG(xi − xj)e

iθ(xj) for
different values of η, the parameter characterizing the structural perturbation. (b) Difference in the
order parameter, Δ〈R〉, between the m-cluster chimera state and the corresponding hypothetical
synchronous state, where the average order parameters 〈R〉 are plotted in the inset. The order
parameters calculated through direct simulation of model equation (blue circles) and from the
Ott–Antonsen ansatz (red pluses) agree well with each other. The number of clusters emerged
as η is increased is m = 4, 3, 5, 7, 9 and so on, and they are distinguished by white and gray
backgrounds. (c) Spatiotemporal patterns of all 3-cluster chimera states. Source: Reprinted figure
with permission from Ref. 34.

Omelchenko et al. discovered chimera-like states during the discussions of the

transition between coherent and incoherent dynamics in networks of nonlocal cou-

pled chaotic maps,36

zt+1
i = f(zti) +

σ

2P

i+P∑
j=i−P

[f(ztj)− f(zti)] , (53)

1630002-25



March 11, 2016 10:59 IJMPB S0217979216300024 page 26

N. Yao & Z. Zheng

Fig. 14. (Color online) Mutual enhancement of interactions between selected groups of oscillators
for different coupling structures. (a) Enhancement factor I for the reference oscillator as a function
of η, for different values of m. The regions of maximum I values among the different m curves
are specified as bold lines, which can be regarded, approximately, as the regions in which the
corresponding m-cluster chimera states emerge. (b) Regions of m-cluster chimera states predicted
by mutual-enhancement theory (the straight lines at different m levels). The white and grey

backgrounds have the same meaning as those in Fig. 13. Source: Reprinted figure with permission
from Ref. 34.

with P denoting the number of neighbors in both directions coupled with the ith

element, and σ the coupling strength between coupled elements. The dependence of

the spatiotemporal dynamics of the system on the parameters P and σ was exten-

sively discussed. The coherence-incoherence bifurcation results in the appearance of

spatial chaos that develops first at narrow incoherence intervals and then spreads

onto the whole ring with decreasing σ. Figure 15 (left panel) shows the state of

the system in the parameter space, where a coherent state has a smooth profile

that can be characterized by the wave number k. A transition from coherence to

incoherence occurs when the respective solution profile z(x) becomes discontinu-

ous, thus a chimeralike state of coexisting coherent and incoherent regions arises as

a transitional state in the coherence-incoherence bifurcation scenario [see Fig. 15

right panel insets (c) and (d)]. In a more detailed work,37 both the time-discrete and

time-continuous chaotic systems, such as the logistic map system and the Rössler

or Lorenz system were studied to demonstrate the universality of the chimeralike

states taking place at the transition from spatial coherence to incoherence.

Chimera states can also be observed in coupled Rössler oscillator systems, i.e., a

two-dimensional system based on the Rössler oscillators with nonlocal coupling was

studied,38

∂tX(r, t) = −Y − Z +K

∫
G(r− r′)[X(r′, t)−X(r, t)]dr′ ,

∂tY (r, t) = X + aY +K

∫
G(r− r′)[Y (r′, t)− Y (r, t)]dr′ ,

∂tZ(r, t) = b+ Z(X − c) .

(54)

By adopting the phase reduction method, Gu et al. demonstrated the spiral wave

chimeras which have spatially extended unsynchronzied cores (see Fig. 16). The

presence of synchronization defect lines (SDLs) were also found in the spiral wave
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Fig. 15. Left panel: Regions of coherence for coupled maps system in the (P/N, σ) parameter
plane, the color code inside the regions distinguishes different time periods of the states. The
coherence-incoherence bifurcation (CIB) curve separates regions with coherent and incoherent
dynamics. In the hatched and shaded (color) regions below CIB, two-cluster incoherent states
exist. Completely synchronized chaotic states exist in the light hatched region bounded by the
blowout bifurcation (BB) curve. Right panels (a)–(f): Coherence-incoherence bifurcation for cou-
pled chaotic logistic maps for fixed coupling radius P/N = 0.32 (black triangles in left panel).
Source: Reprinted figure with permission from Refs. 36 and 37.

Fig. 16. Snapshot of the scalar field X(r, t) for the nonlocal Rössler model, exhibiting a spiral
wave chimera. Source: Reprinted figure with permission from Ref. 38.

chimeras. Since the Rössler oscillator model exhibits a phenomenology with many

features in common with those observed in chemical systems, such chimera spirals

should be experimentally realizable, thereby establishing the existence of chimera

states in continuous media. In addition, the phase reduction method1 offers a re-

duced description of the dynamics system where limit cycle oscillators under weak

coupling involving only the dynamics of a phase variable for each oscillator.

The study of chimera states in nonlinear systems in practice is intimately related

to brain dynamics, since it is believed that the dynamics of chimera states could be

potentially applied to explain the so-called “bumps” of neuronal activity, as well as

the phenomenon of unihemispheric sleep observed in dolphins and other animals.
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Therefore, it is particularly interesting to exploit the neural oscillators models as

the extended habitat of chimera states.39–41 For the neuronal dynamics, there are

two types of excitability: type-I yields a response of finite amplitude and infinite

period through a global bifurcation, and type-II gives rise to zero-amplitude and

finite period spikes via a Hopf bifurcation.

Omelchenko et al. reported the existence of chimera states for interacting re-

laxational oscillators, e.g., the FitzHugh–Nagumo (FHN) oscillators.39 The FHN

oscillators are typically modeled with the form

ε
duk
dt

= uk − u3k
3

− vk +
σ

2P

k+P∑
j=k−P

[buu(uj − uk) + buv(vj − vk)] ,

dvk
dt

= uk + ak +
σ

2P

k+P∑
j=k−P

[bvu(uj − uk) + bvv(vj − vk)] ,

(55)

where uk and vk are the activator and inhibitor variables, respectively, and ε > 0

is a small parameter characterizing a time scale separation. The dynamics is of

the slow-fast type, often taken as the model of type-II excitability. For the system

with nonlocal off-diagonal coupling, the suitable parameters (see Fig. 17) for the

appearance of chimera states can be obtained by applying the phase reduction

method. Moreover, a new class of multiple cluster chimera states as a result of

strong coupling interaction was also found.

For the type-I neural excitability, the occurrence of multiple cluster chimera

states was verified,40 in which the parameter space of the excitability threshold and

Fig. 17. (a) Limit cycle of single decoupled FHN oscillator for ε→ 0. (b) Phase interaction curve
H(ψ) obtained from its derived function (red solid) and partial Fourier sum (blue dashed) under
the phase reduction method. (c) Phase lag parameter α as a function of control parameters a and
φ, the hatched region indicates the parameter range for which chimera states exist in simulations
of Eq. (55) with certain parameters. Source: Reprinted figure with permission from Ref. 39.
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the nonlocal coupling strength for the existence of chimera states were presented.

Chimera states were also observed from the solution of Hodgkin–Huxley equation.41

These recent works about neural systems39–41 provide strong evidences that the

symmetry breaking in chimera is intimately related to applications in neuroscience.

For the sake of characterizing the chimeras and multiple clusters chimera states,

Gopal et al. developed suitable statistical measures using the time series of the net-

works in terms of measures designated as the strength of incoherence and disconti-

nuity measure deducible from a local standard deviation analysis.42 These measures

are capable of giving a clear quantification of chimera states, multi-cluster chimeras

states, coherence and incoherence, and were successfully applied in several non-

phase systems including the coupled Mackey–Glass system, Lorenz system, Rössler

system and FHN oscillators with nonlocal interaction.42

7. Chimera States in Complex Landau–Stuart and Complex

Ginzburg–Landau Equations

The complex Landau–Stuart equation (CLSE) has been widely used to model super-

critical bifurcations occurring in flow systems, and the complex Ginzburg–Landau

equation (CGLE) is one of the most-studied nonlinear equations in the physics com-

munity to explore various collective dynamics.35 Chimera states are also popular in

systems associated with CLSE and CGLE from the corresponding reduced scalar

equation of phase dynamics or via the amplitude of the system.43–49,51

For example, in a globally coupled Landau–Stuart oscillator system with spa-

tially modulated delayed feedback,43 chimera states take place as a natural link

between coherence and incoherence, by a delayed feedback with exponentially or

linearly decaying stimulation profiles. The ensemble of identical globally coupled

Landau–Stuart oscillators are in the form

∂W

∂t
= (1 + iω − |W |2)W + C[W̄ (t)−W ] +Kρ(x)W̄ (t− τ) , (56)

where the last term on the right-hand side provides the spatial modulated delayed

feedback with a stimulation profile ρ(x). Remarkably, the emergence of this chimera

states mainly depends on the tunable amplification K and the time delay τ in the

feedback loop. Figure 18(a) shows the order parameter R, which characterizes the

extent of phase synchronization as a function of time delay τ for complete coherence,

chimera states, and complete incoherence, respectively. According to the effective

frequencies of the coherent domain (smaller or larger than the incoherent domain),

two kinds of chimeras, i.e., chimera I and chimera II were defined. Figure 18(b)

depicts a phase diagram giving the regimes of various states of the system in the pa-

rameter space, which also demonstrates chimera states as the natural link between

coherence and incoherence states. Besides numerical simulations, Omel’chenko et al.

also put these findings on a mathematically firm ground,44 i.e., gave a thorough sta-

bility and bifurcation analysis. By applying the reduction technique,53 an approx-

imate dynamical description of all typical synchronization phenomena occurring

1630002-29



March 11, 2016 10:59 IJMPB S0217979216300024 page 30

N. Yao & Z. Zheng

Fig. 18. (a) Order parameter R with delay. Solid lines represent stable branches of the solution:
phase-locked state (arcs A1B1 and A2B2), chimera I (arc B1C1) and chimera II (arc B2C2).
Dashed lines C1D1 and C2D2 stand for unstable branches. The completely incoherent state is
stable for delays taken from the interval D1D2. (b) Multistability of the system in part of the
control parameters plane. In the blue region the completely incoherent state is stable. In the violet
region, at least one stable coherent solution exists. There is a small white gap between the blue
and violet region even at the bottom at τ/T ≈ 0.5: Incoherent and coherent states are not directly
transformed into one another. Numbers in the plot indicate different types of stable solutions:
incoherence (1), incoherence and chimera (2), incoherence and two chimeras (3), chimera (4), two
chimeras (5), coherent solution (6), coherent solution and chimera (7), two coherent solutions (8),
two coherent solutions and chimera (9), three coherent solutions (10), two coherent solutions and
two chimeras (11). Source: Reprinted figure with permission from Ref. 43.

there were obtained. Additionally, it was found that, by adjusting the amplification

and the delay of the feedback loop, which are well adjustable in real experimen-

tal setups, one can effectively control the size of the coherent and the incoherent

domains as well as the distribution of the effective frequencies in the chimera state.

In the setting of homogeneous Landau–Stuart oscillators, a new type of chimera

named self-emerging chimera state was reported by Bordyugov.45 Oscillators in

the system are not only coupled nonlocally, but also in a nonlinear manner. A

crucial difference with the classical chimeras existence in our cognition is that, a

self-emerging chimera state can emerge from a general initial state. Furthermore

the authors demonstrated that the solution of this state appeared as a result of a

long-wavelength instability via a supercritical bifurcation.

As a well-known one-dimensional model, the CGLE has been extensively stud-

ied in the past decades by applying to various physical, chemical, and biological

systems. So far, it is also a typical model for the study of chimera states.46–48 A

type of chimera states associated with the so-called Ising walls in one-dimensional

spatially extended systems, existing stably regardless of the boundary effects, has

been investigated,46 based on a nonlocally coupled CGLE with a parameter forcing.

Besides the phase equation reduced from CGLE, chimera states can also dwell

in the amplitude of CGLE.47,48 Sethia et al. reported the numerical observation of

chimera states solutions of the nonlocally coupled CGLE in the regime where the

amplitude effect matters.47 The model can be written as

∂W

∂t
=W − (1 + iC2)|W |2W +K(1 + iC1)[W̄ −W ] , (57)

and the nonlocal mean field W̄ is given by W̄ (x, t) =
∫
G(x−x′)W (x−x′, t)dx′ with

an exponentially decay form G. Unlike the previous phase-only systems, this work
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Fig. 19. (a)–(c) Snapshots of the stationary state spatial profiles of the phase φ and the amplitude
|W | multiplied by 10 for nonlocally coupled CGLE. (a) A single cluster AMC. (b) A two-cluster
AMC. (c) A phase-only chimera. (d) Phase diagram in the C1 −K space for C2 = 2 for globally
coupled CGLE. The entire region S supports stable synchronous states. Region I supports stable
splay states while the dot-dashed curve shows the extended limit of the stability of the incoherent
states. CL − i and CL − II are regions where multi-cluster states exist with those in CL − II
coexisting with the synchronous state. Region C has chaotic states while the gray shaded area is
where AMC states exist. Filled circles: AMC states coexistent with synchronous states. Empty
circles: AMCs in the unstable region of synchronous states. The addition and cross symbols show
positions of a typical three-cluster state and a chaotic state, respectively.
Source: Reprinted figure with permission from Refs. 47 and 48.

revealed a named amplitude-mediated chimera (AMC) states presenting that the

amplitude activity in the incoherent region of the solution in the form of intermittent

emergence and decay of amplitude dips. As is shown in Fig. 19, the one-cluster and

two different types of two-cluster chimera states were mapped in a wide range of

parameter space. Previous studies on chimera states gave rise to a general notion

that a weak-coupling approximation (implying phase-only oscillators) and nonlocal

coupling are two essential ingredients for the existence of a chimera state. This work

demonstrated that the weak coupling approximation is not critical to the version of

the chimera state. Furthermore, the nonlocality in the coupling was also found to

be relaxable,48 since the AMC states can emerge even in a globally coupled CGLE

with mean field W̄ (x, t) = (1/N)
∑N

i=1Wi. Figure 19(d) shows the corresponding

various collective states that occur in the parameter space of C1−K with C2 = 2.0.

The AMC states were found to arise from the coexistence of one fixed point and a

limit cycle attractor or a spiral attractor.

The finding of AMC states in globally coupled CGLE expands and extends

the concept of chimera states to globally coupled system, and provides valuable

clues on their dynamical origins to help investigating such open question as the

nature of the basins of attraction associated with chimeras and the stability of
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these states. The above two results therefore open up a much broader framework

for the emergence of chimera states by freeing it from the constraints of the weak-

coupling approximation and the necessity of a nonlocal coupling among oscillators.

In particular, the existence of an AMC state in a globally coupled system, one of the

most widely used dynamical system models, can have significant implications for

practical applications in a variety of physical, chemical and biological phenomena.

Another work about the amplitude chimera was reported by Zakharova et al.49

They revealed the behaviors of amplitude chimera and the chimera death. Chimera

states and oscillation death (OD), which were previously investigated indepen-

dently, share a common signature of symmetry breaking in dynamical networks. The

combination of the two states established a novel partially coherent inhomogeneous

spatial pattern named chimera death (CD), for a network of Landau–Stuart oscil-

lators with nonlocal topology. Two distinct scenarios from the amplitude chimera

behavior to a stationary CD state regime are possible: a transition via in-phase

synchronized oscillations at low coupling strength and a direct abrupt transition

for larger coupling strength.

8. The Effect of Coupling Topology

8.1. Subpopulation model

Chimera states have been observed in several types of systems ranging from Ku-

ramoto phase oscillators to CGLE with nonlocal or global coupling function. These

works mainly discussed the cases with simple coupling topology, such as one-

dimensional or two-dimensional oscillators systems, while the effect of coupling

topology to chimera state is a fundamental issue for further study. A great deal of ef-

forts have been focused on chimera states with subpopulation topology model.52–62

Abrams et al. first considered the simplest model composed of a pair of popu-

lations that support chimera states.52 The governing equation for the model is

dφσi
dt

= ωσ +

2∑
σ′=1

Kσσ′

Nσ′

Nσ′∑
j=1

sin(φσ
′

j − φσi − α) , (58)

where σ and σ′ are the indices of the two populations. The crucial parameter affect-

ing chimeras is the inter-population coupling strength Kσσ′ between oscillators in

population σ and σ′, where K11 = K22 and K12 = K21 with ΔK = K11−K12 > 0,

which makes each oscillator coupled equally to all the others in its population,

and less strongly to those in the other population. Figure 20(a) shows the chimera

states with two populations. The existence of the stationary chimeras and the cor-

responding parameter space can be estimated theoretically with the help of the

Ott–Antonsen ansatz. Interestingly, a type of “breathing” chimera state was also

found. The order parameter R2(t) = |〈eiφj(t)〉2|, was introduced to describe this

phenomenon [Fig. 20(b)].

By using bifurcation analysis, it was found that, the basin boundary between

a stable chimera state and the stable synchronous state is defined by the manifold
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Fig. 20. Snapshot of a chimera state and “breathing” chimera state visualized by order parameter
R2(t). (a) Synchronized and desynchronized population obtained numerical integration of Eq. (58),
the density of desynchronized phases predicted by Ott–Antonsen ansatz, agrees with the observed
histogram. (b) Order parameter R2 versus time, the period of breath becomes longer with the
disparity ΔK increased. Source: Reprinted figure with permission from Ref. 52.

of a saddle chimera. As ΔK is increased, the stable chimera undergoes a super-

critical Hopf bifurcation, creating a stable limit cycle, which just corresponds to

the breathing chimera shown in Fig. 20(b). That is to say, accompanying a syn-

chronous state, the system also displays the stable chimeras, breathing chimeras,

saddle-node, Hopf, and homoclinic bifurcations of chimeras.

In real life situations, due to the finite propagation velocities of information sig-

nals, time delay is ubiquitous and has led to many interesting and novel phenomena.

Sheeba et al. uncovered a so-called globally clustered chimera state induced by time

delay56 of the coupling between two populations of identical oscillators, which can

be represented by the following equation:

dφ1,2i

dt
= ω − μ

N

N∑
j=1

F(φ
(1,2)
i (t)− φ

(1,2)
j (t− τ1))

∓ ν

N

N∑
j=1

G(φ(1,2)i (t)− φ
(2,1)
j (t− τ2)) . (59)

On account of time delay of the coupling, different from the chimera states where

one population is synchronized while the other is desynchronized,52 these two popu-

lations split into two groups, one synchronized group and the other desynchronized

frequency suppressed group. However, each group contains a fraction of oscillators

from both populations (see Fig. 21). Moreover, as the values of time delay is in-

creased, these states can breathe first periodically, then aperiodically and finally

become unstable for very long time delays.

Considering the fact that the unihemispheric sleep is an alternating sleep

between the two cerebral hemispheres, Ma et al. investigated the mechanism of
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Fig. 21. (Color online) Occurrence of globally clustered chimera states in system (59). Top panel:
global clustering phenomenon synchronized and desynchronized (frequency suppressed) groups
have oscillators from both the populations. Bottom panel: one of the populations is synchronized
and the other is desynchronized (frequency suppressed). Green (light gray) and red (dark gray)
lines represent oscillators in the first and the second populations, respectively. Here {F ,G} =
{sin(φ), cos(φ)}. Source: Reprinted figure with permission from Ref. 56.

alternating synchronization by implementing the alternation chimera states from

a model where the oscillators are nonidentical.55 They also studied another model

similar to Eq. (58) but with a time delay in the coupling term. Chimera states

were found to be robust against the variation of time delay and asymmetric popu-

lation size. In addition, Laing also proved the robustness of chimera states against

heterogeneous natural frequencies of subpopulations within limit.57

Some other models can also supply a viable circumstance for subpopulation

chimera states.58–60 Laing gave the first analysis of chimera states in a network

of planar oscillators,58 each of which is described by both the variables amplitude

and phase. By employing a pair of population of the Landau–Stuart oscillators,

expressed as

dWj

dt
= iωWj + ε−1{1− (1 + δεi)|Wj |2}Wj +H(Wj),

H(Wj) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

e−iα

[
μ

N

N∑
k=1

Wk +
ν

N

N∑
k=1

Wk+N

]
, j = 1, . . . , N

e−iα

[
μ

N

N∑
k=1

Wk+N +
ν

N

N∑
k=1

Wk

]
, j = N + 1, . . . , 2N ,

(60)

where μ and ν present the coupling strength within and between two populations,

respectively. As is shown in Fig. 22, an attracting chimera state came into sight
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Fig. 22. (Color online) A chimera state for Eq. (60). (a) A snapshot of the θj . (b) |Wj| as a
function of θj (relative to θN+1) for j = 1, . . . , N . (c) The density of θj , relative to θN+1 for
j = 1, . . . , N . Source: Reprinted figure with permission from Ref. 58.

by defining Wj = |Wj |eiθj , i.e., nearby states are attracted to it. The bifurcation

analysis has been done as a further discussion to this chimera state.

To a broader perspective of chimera states, Singh et al. discovered the occurrence

of chimera order in a system of Ising spins in thermal equilibrium.59 They considered

a two populations Ising spins model where the spins are coupled ferromagnetically

or anti-ferromagnetically to all spins in the same or other population, subjected to

a uniform magnetic field at a given temperature, chimera ordering was manifested

as one population became highly ordered while the other remained weakly ordered.

Moreover, a three-dimensional spin system also succeeded in exhibiting chimera

order numerically.

The effect of subpopulation coupling to chimera states was also studied in the

Winfree model system60 as

φ̇i = ωi +Q(φi)
ε

N

N∑
j=1

P (φj) . (61)

Winfree model is the first mathematical model for exploring macroscopic synchro-

nization, which reduces to Kuramoto model by adopting a sinusoidal shape of Q(φ)

and the peeked form P (φ) with a limit of weak coupling and nearly identical fre-

quencies. Pazó and Montbrió demonstrated that Winfree model can evolve into the

invariant manifold,60 as proposed by Ott and Antonsen.75 This important property

allows for a reduction to a system described by the two ordinary differential equa-

tions of the order parameters. They investigated chimera states in populations of

identical pulse-coupled oscillators

φ̇σi = 1 +Q(φσi )

⎡
⎣ μ

Nσ

Nσ∑
j=1

P (φσj ) +
ν

Nσ′

Nσ′∑
j=1

P (φσ
′

j )

⎤
⎦ , (62)

and uncovered a variety of chimera states with different parameters (see Fig. 23).

The solutions of the Winfree model in Ott–Antonsen manifold open the possibility

of investigating many of subsequent results addressed analytically using Kuramoto

models.

Besides chimera states based on the two-population model have been studied,

Martens has explored them in a network of three populations.61,62 Three-population
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Fig. 23. (Color online) Various chimera states from Winfree model. (a) Location of different
chimera types in (α, (μ − ν/μ + ν)) space, α is the phase lag of Q. (b)–(e) Trajectories projected
onto order parameters with distinct behaviors. Source: Reprinted figure with permission from
Ref. 60.

is the simplest network that exhibits both chainlike and ringlike character by tun-

ing one structure parameter between any two of populations. The purely symmetry

triangular network of oscillators populations was found to display an unexpect-

edly behavior,61 as the two coexisting stable chimera states, namely sync-drift-sync

(SDS) and drift-sync-drift (DSD). Then, the effect of breaking the triangular net-

work structure was studied,62 i.e., varying the network symmetry continuously to

a more and more chainlike topology. Chimera states were found to exist only in

a bounded region in parameter space, and proved that the existence intimately

depends on the underlying network structures.

A system of oscillators exhibits metastability if some or all of its members linger

in the vicinity of a synchronized state without falling into such a state permanently.

Shanahan presented a model to exhibit both chimera states and metastability,54 in

which the network consists of eight communities of 32 oscillators, and oscillators

were fully coupled to other oscillators within the same community and connected

at random to 32 oscillators from the other communities. The fluctuations in both

internal and pairwise synchrony in the communities resembling chimera states were

observed.54

8.2. Perturbations of topology to complex networks

Some fundamental questions naturally arise considering that chimera state is preva-

lent for regular coupling topology are: How robust chimera states are with respect

to perturbations of system topology? Can chimera states live in a more complicated

network? and so on. Recent literatures64–66 gave a generalization to these above is-

sues. An outstanding question is then how random perturbations to the network

structure affect chimera states. Yao et al. addressed this structural robustness issue

by defining a system starting from the standard setting of a nonlocally coupled
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array of identical phase oscillators:

dφ(xi)

dt
= ω − 2π

N

N∑
j=1

cijG(xi − xj) sin[φ(xi)− φ(xj) + α] , (63)

where cij = 1 if there is a coupling from the jth oscillator to the ith oscillator,

and cij = 0 indicates the absence of such a coupling.64 They removed links sys-

tematically but randomly according to the removal probability p, and investigated

whether and to what extent chimera states can persist as p was increased from

zero. Due to the randomness in the network structure, the persistence of chimera

states can be characterized but in a statistical sense. In particular, given p, certain

fraction of the network configurations would permit chimera states, while others

would not. One can thus define a probability for chimera states, denoted by F (p),

where F (p) → 1 for p → 0 and found to be a decreasing function of p. Figure 24

reveals that chimera states can persist for a range of p values in the sense that

F (p) maintains values close to unity even when p is appreciably away from zero,

strongly suggesting that the exotic dynamical states are robust with respect to ran-

dom structural perturbations to the underlying network. Based on the numerical

simulations and the Ott–Antonsen ansatz, a surprising finding was that,64 even for

relatively large values of p for which a large number of links have been removed

and a chimera state is deemed unlikely, the division of oscillators into coherent and

incoherent groups still persists. The commonly recognized chimera state, which oc-

curs for smaller values of p, is nothing but a particular case in which the coherent

oscillators happen to be synchronized or phase-locked.

Laing et al. analyzed a two-population system through two different topology

randomization schemes, i.e., equal weight and preferential removal of links from

within the network.65 The intrinsic frequencies of oscillators are chosen from a

Lorentzian distribution. It was found that chimera states may be robust to small

structure perturbation, while the parameter ranges where chimera states exist

shrinks as the amount of removed links increases. Furthermore, for the two different

Fig. 24. The probability F of chimera states. Theoretically and numerically determined proba-
bility F , or the fraction of network configurations permitting chimera states, as a function of the
removal probability p. Open black circles stand for the result from the self-consistency equation,
and red squares and blue triangles indicate the numerical results for different parameters. Source:
Reprinted figure with permission from Ref. 64.
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randomization schemes, the oscillations of a chimera state via a Hopf bifurcation

can be respectively created and destroyed by randomly removing links.

Extending to a more complicated topology network, Zhu et al. took a randomly

generated Erdös–Rényi and scale-free network of oscillators to present the chimera

phenomena. They considered identical oscillators nonlocally coupled together, de-

scribed as

dφ(xi)

dt
= ω − 1

N

N∑
j=1

Gij sin[φ(xi)− φ(xj) + α] . (64)

To account for the nonlocal coupling, the coupling function was defined as Gij ∝
e−κdij , depending on the shortest length dij , which refers to the number of links

between oscillators i and j on the underlying complex network. On a regular net-

work such as a one-dimensional array or a two-dimensional lattice, a chimera state

is easily visualized since both coherent and incoherent oscillators form compact

clusters in space and the boundary between them can be easily found. However,

for complex networks, the concept of the space is lost, and to rearrange the order

of oscillators is necessary for obtaining a clear view of chimera states. Figure 25

shows the chimera states underlying Erdös–Rényi and scale-free network. It was

found that, chimera states can spontaneously emerge, and oscillators in the coher-

ent group tend to be those with high degrees on scale-free network, while there is

Fig. 25. Chimera states underlying Erdös–Rényi network (top panels) and scale-free network
(bottom panels). (a) The snapshots of the phase profile. (b) Effective angular velocities of oscilla-
tors. (c) Fluctuation of the instantaneous angular velocity of oscillators. Source: Reprinted figure
with permission from Ref. 66.
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no preference for degree for oscillators on Erdös–Rényi network. For a given set-

ting of parameters, the coherent group always contains the same set of oscillators

regardless of initial conditions. Furthermore, the size of coherent group increases

with the mean degree of the underlying networks and decreases with the strength

of the nonlocal coupling.

9. Chimera State: Experimental Realizations and Observations

Theoretical analysis and numerical simulation show that chimera states can emerge,

while, may require elaborate chosen of initial condition or seemed to be sensitive to

perturbations. The lack of empirical evidence raises the question of whether chimera

states are indeed characteristic in real world, then it is desired to be clarified that

if chimera states can be observed in experiment. Recently, the first two successful

experimental evidences of a chimera state were realized in optical67 and chemical68

setups independently. In Ref. 67, the authors designed a coupled map lattice by

using a liquid-crystal spatial light modulator to control the polarization properties

of an optical wavefront, where spatially light modulator was controlled by computer

with a feedback from a camera. This system is an experimental realization of chaotic

maps.36 They observed the formation of coexisting spatially coherent and incoherent

domains as the coupling parameters are varied36,37 and this behavior was reported

on both one-dimensional and two-dimensional systems with periodic boundaries.

Figure 26(a) shows the chimera observed in this coupled map experiment.

At the same time, Tinsley et al. succeed in the chemical experiment and the as-

sociated simulations based on the photosensitive Belousov–Zhabotinsky reaction to

Fig. 26. Chimera states observed in experiment. (a) Optically experimental realizations of the
one-dimensional (A)–(C) and two-dimensional (D) and (E) system, corresponding to coher-
ence, chimera, incoherence from left to right, respectively. In (B) and (E), the incoherent re-
gion is highlighted. (b) Normalized mean intensity < I > of population one and population
two as a function of time in chemical experiment, and snapshot of the phases φ of oscillators
i = 1 − 20 in population one and 21− 40 in population two. (A) synchronized-synchronized out-
of-phase state; (B) synchronized-2 clusters state; (C) synchronized-unsynchronized chimera state;
(D) synchronized-semisynchronized state. Source: Reprinted figure with permission from Refs. 67
and 68.
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create realizations of two-population chimera states,68 similar to the one reported

previously.52 In the experiment, N oscillatory particles are divided into two popu-

lations, and each member of each population is globally coupled strongly through

the mean intensity of its own population and weakly through the mean intensity of

the other population with a fixed time delay. This experiment revealed a variety of

dynamic patterns shown in Fig. 26(b), where one population is fully synchronized,

while the other population exhibits four basic states: fully synchronized, n-cluster,

unsynchronized chimera and semi-synchronized. Subsequently, they followed a non-

local coupling scheme taking place in a ring configuration and two-dimensional

planar configuration.69 Through the similar model,68 the experimental and simu-

lation results can present several types of chimera behavior, for example, chimera

states with synchronized wave behavior and phase-cluster chimera states. Further-

more, both the waves of one-dimensional phase-wave chimera and two-dimensional

spiral wave chimera were found to originate from a group of unsynchronized os-

cillators, which provided insights into spiral chimera behavior in two-dimensional

configuration.

The above optical and chemical experiments producing chimeras require so-

phisticated computer controlled feedback to set the profile of nonlocal coupling

function, while a recent experiment by Martens et al. can raise the chimeras just

relied on mechanical coupling.70 In their experiment, the N identical metronomes

were placed on two swings, which can move freely in a plane. The swings provided

strong coupling within oscillators attracted on the same swing, and the weaker

coupling between the two swings is achieved by a tunable steel spring. Chimera

states emerge along with the expected synchronized in-phase state and synchro-

nized antiphase state by varying the effective spring coupling. Generally speaking,

this mechanical experiment with oscillators coupled in a hierarchical network shows

that chimera states emerge naturally from a competition between two antagonistic

synchronization patterns.

Another electronic experiment was carried out to realize a modified Ikeda time

delay equation by Larger et al.71 The delayed-feedback system was analyzed in a

virtual spatially extended representation, which means that viewing every moment

t as being t = τc(n+λ) with integer n and real positive number λ ∈ [0, 1], where τc
is related to time delay. This writing supports a vision sense of space–time represen-

tation to the system. In the corresponding virtual space–time representation, the

behavior was found to develop as a chimeralike state (see Fig. 27). In addition, the

appearance of multistable virtual chimera states of different modality was also ob-

served in both experiment and simulations. Schmidt et al. observed chimera states in

a photoelectrochemical experiment51 and the corresponding Landau–Stuart equa-

tion and a modified complex Ginzburg–Landau equation with nonlinear global

coupling.

More recently, the coexistence of mutually coherent modes and mutually in-

coherent modes was demonstrated in the optical comb generated by a passively
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Fig. 27. (Color online) Virtual chimera in delay dynamics. (a) Asymptotic temporal waveform
of a chimera with the dynamical variable x (arbitrary units in amplitude are encoded in color
for the space–time plots). (b) Similar plots from numerical simulations of the experiment model.
(c) and (d) Virtual space–time representation of (a) and (b), respectively. Left plots are experi-
mental; right plots are numerics. Source: Reprinted figure with permission from Ref. 71.

mode-locked quantum dot laser.72 Then the authors performed detailed numerical

computations using a system of delay coupled equations to confirm that the co-

existence of the coherent and incoherent bunches may have a fundamental origin

resulting from nonlinear field–matter interactions. Wickramasinghe and Kiss have

realized the chimera patterns by means of chemical oscillator networks associated

with the oscillatory nickel electrodissolution.73,74

10. Concluding Remarks

Chimera state is a class of spatiotemporal patterns in a spatially homogeneous dy-

namical media with a spontaneous symmetry breaking that leads to the coexistence

of coherent and incoherent regions in space. These highly unexpected and counter-

intuitive collective dynamics emerge in a variety of systems ranging from physics,

chemistry, medicine, biology and so on. An extensive and deep study of this topic

is not only an important and valuable contribution to the traditional nonlinear

dynamics and applied mathematics, but also strongly practical in numerous fields

such as nonlinear and quantum optics, condensed matter physics, chemical reac-

tions, and biology. Before the end of this review, we would like to propose some

promising open issues relating to the study of chimera states in complex nonlinear

systems.

First, further theoretical studies of the emergence, stability, bifurcation, and

relations to spatiotemporal pattern formations are still lacking. Recent progresses

inspired a great deal of theoretical and empirical efforts in exploring the mechanism

for the emergence of chimera states. With the simple coupled phase models, the

Kuramoto–Battogtokh self-consistency approach and the Ott–Antonsen approach

are proposed to theoretically understand the macroscopic emergence of chimera

1630002-41



March 11, 2016 10:59 IJMPB S0217979216300024 page 42

N. Yao & Z. Zheng

states, where the presence of the chimera state is attributed to the spontaneous

symmetry breaking in configurational space and the emergence of macroscopic or-

der. However, an intuitive and physical understanding of this spontaneous symme-

try breaking is still an open issue. Giving an exact general analytical solution of

chimera states is quite fundamental, based on which, one can go further in under-

standing the stability of chimera states, e.g., in what conditions chimera state can

be stable or just transient. A further precise theoretical analysis underlying the

physical mechanism need to be explored to depict chimera states in microscopic

view, and the success of the microscopic theory may make great process on the

exploration of chimera states in spatiotemporal systems.

Second, it is necessary to study further extensions of chimera states. Studies

on chimera states in these years have greatly extended the traditional models and

conditions by generalizing to more complicated and practical systems. In the above

sections, we have provided a systematic and extensive summary of the achievements

of various extensions of chimera states in recent years. To get a deeper understand-

ing of these sophisticated behaviors related to chimera states, one should propose

more analyses on the stability of various chimera states observed in different sit-

uations, and detailed description and the mechanisms of the bifurcations among

different chimera patterns may be helpful. Furthermore, the pattern transition has

been observed in the previous studies of physics, e.g., from order patterns to disor-

der patterns. As a natural link between spatial coherence and incoherence, chimera

states may supply a potential point of view to study the pattern transition.

Third, the successful realizations of chimera states in experiments suggest that

these behaviors may also occur in natural physical systems. Therefore, the potential

applications of the results and conclusions in the above studies can be comprehen-

sive, ranging from clinical medicine to sociology, e.g., explaining the unihemispheric

sleeping of animals, understanding the ventricular fibrillation which has the analogy

as spiral wave chimeras, preventing the desynchronization of the power grid and the

subsequent blackouts, and realizing the consensus or in contrast to keep diversity

in social systems, and so on.
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60. D. Pazó and E. Montbrió, Phys. Rev. X 4, 011009 (2014).
61. E. A. Martens, Phys. Rev. E 82, 016216 (2010).
62. E. A. Martens, Chaos 20, 043122 (2010).
63. P. Ashwin and O. Burylko, Chaos 25, 013106 (2015).
64. N. Yao et al., Sci. Rep. 3, 3522 (2013).
65. C. R. Laing, K. Rajendran and I. G. Kevrekidis, Chaos 22, 013132 (2012).
66. Y. Zhu, Z. Zheng and J. Yang, Phys. Rev. E 89, 022914 (2014).
67. A. M. Hagerstrom et al., Nat. Phys. 8, 658 (2012).
68. M. R. Tinsley, S. Nkomo and K. Showalter, Nat. Phys. 8, 662 (2012).
69. S. Nkomo, M. R. Tinsley and K. Showalter, Phys. Rev. Lett. 110, 244102 (2013).
70. E. A. Martens et al., Proc. Nat. Acad. Sci. (USA) 110, 10563 (2013).
71. L. Larger, B. Penkovsky and Y. Maistrenko, Phys. Rev. Lett. 111, 054103 (2013).
72. E. A. Viktorov et al., Phys. Rev. Lett. 112, 224101 (2014).
73. M. Wickramasinghe and I. Kiss, PLoS ONE 8, e80586 (2013).
74. M. Wickramasinghe and I. Kiss, Phys. Chem. Chem. Phys. 16, 18360 (2014).
75. E. Ott and T. M. Antonsen, Chaos 18, 037113 (2008).
76. E. Ott and T. M. Antonsen, Chaos 19, 023117 (2009).
77. O. E. Omel’chenko, Nonlinearity 26, 2469 (2013).

1630002-44


	Introduction
	Chimera State: Theoretical Framework
	The Kuramoto model
	The Kuramoto–Battogtokh self-consistency approach
	The Ott–Antonsen approach

	Chimera State in One-Dimensional Systems: Bifurcation and Stability Analysis
	Chimera States in High-Dimensional Systems: Pattern Formations
	Pattern Formation: Multi-Cluster Chimera States
	Chimera States: Beyond the Simple Phase Models
	Chimera States in Complex Landau–Stuart and Complex Ginzburg–Landau Equations
	The Effect of Coupling Topology
	Subpopulation model
	Perturbations of topology to complex networks

	Chimera State: Experimental Realizations and Observations
	Concluding Remarks


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [594.720 841.680]
>> setpagedevice


